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Abstract

In this paper, the nonrelativistic energies of the linear HeH,"

molecular ion have been computed using the multiperturbation theory for the
ground state through fifth order. The results are very encouraging compared
to the variational calculations.
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I. Introduction

A multiperturbation method has been proposed for the calculation of
the energies of molecular systems through fourth and fifth order in the
energy [1,2]. The techniques involved have been developed to the point that
accurate energies can be obtained for small molecular systems {3].
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The united atom treatment [4] of molecules is used for examining the
behavior of the potential energy function for small values of internuclear
distances. In the united-atom perturbation treatment of molecules [5,6] the
unperturbed system 1s taken as the united atom, which corresponds to the
molecule in question.

Chisholm and Lodge [7,8,9] have carried out the calculations for
two-electron diatomic systems ( H,,HeH",He ™) through second-order in

the energy. Galvan, Abu-Jafar and Sanders [3] have studied the two-electron
polyatomic systems (HeH,*, Hs') through third-order in the energy. The
purpose of this paper isto extend the application of perturbation theory to
fifth order in the energy and to the treatment of hetronuclear linear triatomic

molecule HeH, " .

II. Wave Functions

The zero-order wave function for this system is a properly
symmetrized product of one - electron (hydrogenic) orbitals.

The first - order correction to the wave function is given by

A
y,=Y, (71”72)““ ZB[‘I’Iln(RB>71)15(72)+15(71)‘PT(RB’72)

+ZC[‘I’;M/ (Rcfl)ls (?z)“b‘(ﬁ)win/ (RC”E)} (1

where Rp and R, are the internuclear distances between the charge Z,
and the two perturbing charges, Zg and Z. , respectively. The angle
subtended by these two perturbing charges is denoted by &

The charge Z, is chosen as the largest of the nuclear charges in the
linear molecule HeH;" on which the electrons are centered. \PlA and \J7

are the first - order corrections in the atomic and molecular wave functions,
respectively.
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The multicenter integrals appear in the energy expansion coefficients.
In order to simplify the evaluation of these integrals, the single-center basis
sets have been used for all wave functions.

The first - order correction in the atomic wave function is given by
A= -\ N A
P (rl»rz):ElCi ¢ @)

where the coefficients Cf are chosen to minimize the computed total
energy. Hence

A N Anm ~k (F+7, |
Y1 ZEI(HPIZ)C,' s pileossy,)e KT 3)

where P, is the operator which interchanges the subscripts 1 and 2 |
and 6, is the angle between #and 7,. The nonlinear parameter £,is

optimized by the variational - perturbation method.

For the atomic wave function, all terms with ¢< 16 and
1 +m+2¢ <20 have been included with a total of 501 terms.

The first- order correction in the molecular wave function is given by
Wl R E ol & 7)

N gldn r? Py (cos 6; )e_ﬂm ; (4)
where (O are coefficients optimized variationally. The nonlinear

parameter /3, is also optimized variationally.

For the molecular wave function, all terms with £ < 16and ¢+ n < 20
have been used with a total of 221 terms.

The second - order correction to the wave function is given by

v, =@, G )+ ZZB[WZ(RM)‘S(@F 1S(’3)\PZ'(RB:72)]+ ZZ[‘P:I(RC’Fl)lS(Fz)
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1) g (ge 7 )]+ ZsZC [‘PT;MI (Re. 0.7 (R ) + 15 ) " (RB’RC’Q*Fz)]

v 2w (Re BB )4 Ze il (ResPF) (5)

B A4 . .. .
178 and l/  can be obtaned from variational-perturbation

calculations [10].

y/:"and y/:" are known in a closed form [11,12]. The Y, wave

functions are obtained by a multiperturbation variant of the variational-
perturbation method, yielding upper bounds to the corresponding g, in the

process.

4 e ) )
. and (//:m all utilize the same basis set for the trial wave

functions

(1 + P]z)ZCé’mnr:r’Zn Pe (COSQIZ)EXI{— kf_’ (’:1 +F2 )] .

fmn

Similarly , v, and 1788 both utilize the basis
%Cfn I‘;?Pé’ (COS 9,)exp (_ :Berz') .

I1I. Method

The multiperturbation theory has been thoroughly discussed in
scientific articles [1,2,3]. For the HeH," molecular ion, we have two
electrons and three nuclei of charges Z,, Zg and Z..

The total Hamiltonian of the HeH," system in charge-scaled atomic
units can be written as

H:H()+H1, (6)
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where Hp is the unperturbed Hamiltonian and the perturbation H, is given

by

A m m
H=A:H TA.H Ti.H -
H, can be written in scaled a.u. as

1{ - 2 1 1
HO —:-_—2-( 1 +V2)_——_——
Yia T24

The perturbation HlA is the electron - electron interaction:

41
H ~—
re

and 3, = 1 is the inverse of the nuclear charge.
Za

The perturbation Hlm is the electron - nuclear interaction:

and j = ZB s the ratio of the nuclear charges.

Za

The perturbation Hlm s given by

(M

®)

)

(10)

an
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The expressions for the multiperturbation energy - expansion
coefficients through fifth order are derived by Abu-Jafar et al. [2].

The first - order energy coefficient for the ground state of the
molecule is

A m m
e=c 22,6 R)+27: (Re)- (12)
The first- order correction to the ground state energy ofa two -
electron atom is g‘j = % On the other hand, the first-order correction to

the ground state energy of a one - electron diatomic molecule with
internuclear distance R is given by

1

m 1Y) —2r
& (R):—E+(1+-1€je (13)

With the use of wave function y, > One can calculate the second - and
third - order energy coefficients.

The second - order energy is given by

&=é+ZZZ&M(RB)+ZZZ§’(R~)+ZB§1"(1€B)+ZC§,*(IQ+ZZB&&"T(RB>&¢9); (14)

| m

where gA =~ 0.1576664 [10], g, is known exactly {11], and g;‘llm has
been derived by Chisholm and Lodge [9]. Note that the dependence of the
energy on the angle & first appears in this order through the term g;’!]m’ 3]

The third-order energy can also be obtained from the first-order wave
function 78 and is given by

&-& +2z§e§" R+ 226 R 2o R+ 2o R+ Zor (R
c e w2220 6r (kom0 22, 70 67 (Re Re0O)
+ZBZCE;A;’1”M (RE,RC’Q) (15)
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Several of the above coefficients are either known exactly or are
obtained from variational calculations. The remaining coefficients can be
computed from the first - order wave functions.

With the use of wave function y , one can calculate the fourth - and
fifth - order energy coeflicients.

The fourth - order energy is given by

£=827:8 0228 W 7,6 R 28 R 2R Z6n

76w 2 B2 2708 (Re RO+ 2770 (R RerH)

27,7081 R RO+ Zoze b, R RoOV* ZoZe 6y (Roo RO
+25206 (Ror R0) (16)

The fifth - order energy is given by

s=e+27.8 R 2706 R+ Zos R+ Zocn (R +Zp 6 (o)

Zeem R+ Zogn R+ Zee ) 2,60 8o 2o 60 (Re)

227706 ReReO22, 206 oo RrO)* 225 Zo £ (R Re6)

27,7060 (R RO Zoze 6y Reo ROV Zo Ze 6 (Reo Rer)

+ 20706 (R ROV ZaZe S Ror RerO)F 20 Zo 6. R Rer)
2 2 Amm
tZ5Zc& B’RC’Q) (17)

With the exception of the singly - subscripted coefficients, most of the
above coefficients in egs. (16 & 17) have been calculated here directly from
the appropriate components of the second - order wave function.

The total energy through fifth - order for this molecular ion, in ordinary
atomic units, 1s then given by
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E:ZZZ‘WS”‘+ZAZE+ZAZC+ZBZC (]8)
m=0 Rs Rc R
Results for the third-, fourth-, and fifth-order perturbation sums of
the energy for HeH ;" are presented in Table 1 for @ = 180°, where they are
also compared to the available variational calculations.

IV. Results and Discussion

There is no experimental evidence to show that the system
HeH " exists as a stable molecular ion, although HeH, may be stable [13].
Zetik and Poshusta [14,15] have done the variational calculations over a
wide range of internuclear distances for the HeH." molecule. They have
found that there is no internuclear equilibrium distance for this molecule.

Table T and Fig.1 present the total energy through fifth-order

correction for HeH". The total energies have been calculated for only the
symmetric linear configuration of this molecule.

When compared to the results of Zetik and Poshusta [14,15], we find
that g, & ,and g alllie below variational calculations by roughly 0.05 a.u
or so. One can only note the rapid convergence of the perturbation series
produced here with a 7, of 2; so that the contribution of ¢, & &, to the
total energy is likely to be relatively small.

The improvement in convergence is true for heteronuclear molecules,
especially for those with a single heavy ion.

We can see from Table I & Fig. 1 that this molecule does not have a
minimum energy, which means that it does not appear as a bound system.
Hence this molecule is unstable. The multiperturbation coefficients with two

“molecular” perturbations as in HeH ;" are small for large R. The significant

contribution to g,,g,and g, atlarge R comes from g;\ . gj and g;\ )
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respectively. Therefore, we can conclude from this study that the ground
state of linear HeH " is not bound.

Finally, a computer program has been written in Fortran -77 in
quadruple precision to compute the total energy E(R) for a given internuclear
distance R, and this has been coupled to an optimizing routine to find the
minimum of E(R).

Table 1. Total energies (in a.u) for the linear, symmetric HeH," molecule
(9: 180”); truncated energy sums (g,,g,,&,) are compared to the

variational results.

R (a.u.) €3 €4 €s ¢(Variational)®
1.5 -2.564 -2.567 -2.565 -2.528
2.0 -2.664 -2.668 -2.662 -2.626
25 -2.710 -2.718 -2.708 -2.663
30 -2.739 -2.743 -2.740 -2.684
35 -2.762 -2.763 -2.761 -2.699

“ Zetik and Poshusta [14,15].
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Figure: 1. Energy for linear, symmetric HeH;" ; (O)e;; (M) e4; (A)es; (+)
variational results of Zetik and Pushusta [14,15].
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