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Abstract

This paper considers Hyers-Ulam-Rassias Stability for Linear and
Semi-Linear Systems of Differential Equations. We establish sufficient
conditions of Hyers-Ulam-Rassias stability and Hyers-Ulam stability for
linear and semi-linear systems of differential equations. Illustrative
examples will be given.
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1- Introduction

In 1940, (Ulam, S.M.) posed the stability problem of functional
equations. In the talk, Ulam discussed a problem concerning the stability
of homomorphisms. A significant breakthrough came in 1941, when
(Hyers, D. H.) gave a partia solution to Ulam's problem. During the last
two decades very, important contributions to the stability problems of
functiona equations were given by many mathematicians (Gavruta, P. A;
Jun, K. W. Lee, Y. H.; Jung, S. M. (2001); Jung, S. M. (1996); Miura, T.
Takahas S. E & Choda, H.; Park, C. G. (2002).; Park, C. G. (2005);
Park, C. G. Cho, Y.-S. & Han M. (2007).; Rassias, T. M.). More than
twenty years ago, a generaization of Ulam's problem was proposed by
replacing functional equations with differential equations. The

differential equation F(t,4(t),y'(t),...,y"™(t)) = 0 hasthe Hyers-Ulam
stability if for given ¢ > 0 and afunction y such that

| F(ty(t),y' (1), y™ ()] < e
there exists a solutiony, of the differential equation such that

[ y(t) = 50(t) I< K(e)
and lim K(e) = 0.

e—0

The first step in the direction of investigating the Hyers-Ulam
stability of differential equations was taken by Obloza (Obloza, M.;
Okunuga, S. A. Ehigie, J. O. Sofoluwe, A. B.). Thereafter, Alsina and
Ger (Alsing, C. Ger, R.) have studied the Hyers-Ulam stability of the
linear differential equation y'(t) = y(t). The Hyers-Ulam stability
problems of linear differential equations of first order and second order
with constant coefficients were studied in the papers (Li, Y. & Shen, Y .;
Wang, G. Zhou, M. & Sun, L. (2008).) by using the method of integral
factors. The results given in (Jung, S. M.; Rus, I. -A,B) have been
generalized by Popa and Rus (Popa D. & Rus, I. 2011; 2012). for the
linear differential equations of nth order with constant coefficients.
(Gordiji et al. Gordji, M. E. Cho, Y. J. Ghaemi, M. B. & Alizadeh, B.) get
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sufficient conditions for Hyers-Ulam stability of the first order and the
second order nonlinear partial differential equations. Lungu and Craciun
(Lungu, N. & Craciun, C.) established results on the Ulam-Hyers
stability and the generalized Ulam-Hyers-Rassias stability of nonlinear
hyperbolic partial differential equations.

In addition to above-mentioned studies, severa authors have studied
the Hyers-Ulam stability for differential equations of first and second
order (Gavruta, P. S. Jung, & Li, Y. ; Li, Y.; Miura, T. Miygima S. &
Takahas. S.-E.; Takahasi, E. MiuraT. & Miygima, S.).

The objective of this article is to investigate the Hyers-Ulam-Rassias
stability for the linear systems of differential equations

' = Az + f(t) (1.1
and

' =(A+ B(t)z (1.2)

Moreover, in this paper we consider the Hyers-Ulam-Rassias
Stability for the semi-linear system

' = Az + g(t,z) (1.3)
with theinitial condition

2(0) = (14)
where A is a constant n x n matrix, f{{)cR' is a continuous vector

column, B(t) is amatrix valued on the interval function I, and ¢(t, z)is
continuousin I x R" — R" such that

|g(t,z) — g(t, 20)| < v(B)|z — 2| (15)
where ¢(¢,0) = 0 and I = [0, 00).

It should be noted that Euclidean n-space R",n > 1, is equipped with
1

n
2
the distance ‘x —y‘ = llei —y; * [ unless otherwise stated.
i=1
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2- Preliminaries
We introduce some definitions as follows:

Definition 2.1 (Jung, S. M.) Leto(t) = col(g(t), o (t),..., 0, (1))
and o(t) = |¢(t)|such that ¢; : I — [0,00),7 =1,2,...,n. We say that

equation (1.1) has the Hyers-Ulam-Rassias (HUR) stability with respect
to ¢ : 1 — [0,00)if there exists a positive constant k£ > 0 with the

following property: For each z(t) € C*(I,R") , if
|2’ — Az — f(t)| < @(t), (21)

then there exists somez, (t) € C*(I,R™)of the equation (1.1) such that
” x<t) — 20 (t)” < k‘@(t) S [07 OO) (2-2)
Definition 2.2 (Jung, S. M. ) Leto(t) = col(gy(t), o (t),..., 0, (1))
and o(t) = |¢(t)|such that ¢; : I — [0,00),7 =1,2,...,n. We say that

equation (1.2) has the Hyers-Ulam-Rassias (HUR) stability with respect
to ¢ : I — [0,00)if there exists a positive constant £ > 0 with the

following property: For each z(t) € C*(I,R") , if
|2’ — Az — g(t,2)] < (1), (2.3)

then there exists somez,(t) € C*(I,R")of the equation (1.3) such
that

l2(t) = 20 (@)l < ke(t) st € 1 (24)

Lemma 21 (Gronwall's Inequality) Let u(t) and v(t) be
nonnegative continuous functions on some interval
0 <ty <t<ty+a Also,letthefunction i(t) be positive, continuous,

and monotonically nondecreasing on [t %, +a] and satisfy the
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inequality

then, there holds the inequality
t

fv(s)ds}, for tg <t <ty + a

)

u(t) < h(t) exp

For the proof of Lemma 2.1, see (Plaat, O.).

Lemma2.2 (Samoilenko, A. M. Krivosheya, S. A. & Perestyuk, N.
A.) Let A(t) be ann xn matrix whose elements are functions of
parameter t. If

At). f A(r)dr = f A(r)dr. At)

then the solution of the homogeneous system

= Az

fA(r)dr
0

hastheformz(t) = e X .

3- Main Results on Hyers-Ulam-Rassias Stability

Theorem 3.1 Let A be a constant n x n matrix, f(¢t) € R" be a
continuous vector column in the interval 7. Suppose z(t) satisfies the
inequality (1.2) with initial conditions (1.4) on the interva
0<t<T <oo and ¢(t):[0,00) — (0,00) is a continuous function
such that
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f”e_A(S_t) ng(s)ds < Cp(t), Yt > 0. (3.1)
0

Then the solution of (1.2) is stable in the sense of Hyers-Ulam-
Rassias.

Proof. Let x(t)be an approximate solution of the initia vaue
problem (1.1), (1.3). We will show that there exists a function

2o (t) satisfying (1.1) and (1.3) such that
lz(t) = 20 ()] < Keo(t)
Theinequality (2.1) implies that
—(t) < 2’ — Az — f(t) < (). (32)
Left-multiplying the inequality (3.2) by matrix integrating factor .+,
we get

() < S () — e () < e Moe) (33)

Integrating (3.3) from 0 tot, we have

t t

t
- f e g(s)ds < e Mx —xy — f e f(s)ds < f e ¢(s)ds,
0 0

0

or, equivaently we get
t t

t
_f A=) p(s)ds < & — zgett — feA(tfs)f(S)dS < IGA(FS%(S)dS'
0

0 0

Itisclear to see that
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t
20 = eMay + feA(t*S)f(s)ds
0

satisfies EQ. (1.1) with the initial condition (1.3).
Now estimate the difference
t

| 2(t) — (1) |= |2 — Az — [ f(s)ds| < Ol
0

Consequently, we have

|2(t) = 20 ()] < C(t),
which completes the proof of Theorem 3.1.

Corollary 3.1 Replacing ¢(t) by ein the inequality (3.2) we can get
Hyers-Ulam stability for Eq. (1.1) intheinterval 0 <t, <t < T, i.e. if

z(t) satisfies

o — Az — f()] < <,
with the initial condition z(t,) = x,, then there exists somez(t¢)of the
equation (1.1) such that

|2(t) = 20(8)] < ke

The proof of Corollary 3.1 is quite similar to the proof of Theorem
3.1 and will therefore be omitted.

Corollary 3.2 From Hyers-Ulam-Rassias stability of equation (1.1)
(with f(t) = 0), one can conclude that the solution e’z of (1.1) is
bounded intheinterva 0 <1, <t <T < 0.

Example 3.1 Consider the non-homogeneous system of differential
equations

An - Najah Univ. J. Res. (N. Sc.) Val. 32 (1), 2018




Maher Qarawani 26

dz
2 Qg —
T a4
dy 34
T y—x+t
z(0) 1
with initial condition = ,
y(0) 0
or,
dz
£y ¢
= = A+ ()
where
T -3 4 0
Wefind
et 2tet  4tet
oAt —
te™ et 4+2te
with
et 2tet  4tet
sup ||eAt || =sup <2t 4+ 96t < 979 = K,
>0 >0 ||| -te™ et +2te
where K = sup {2e* + 9t } = max {2 + 9te™ } = 4.1348.
t>0 t>0
Suppose that
dz

dt

From which it follows that

4, - f(t)\ < olt).
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—o(t) < 2" = Az — f(t) < ¢(1), (3.5)
Where
Y ' .
V2 \/(1%) (1%) 2
t) = and o(t) = |o(t)| = || —= — = e,
o0 = e =lowl = {75 | +(5e) =
V2
Multiplying the inequality (3.5) on the left, by a matrix integrating
factor
e ++2tet  — 4te
oAt — ,
te' e'(1-2t)
we get
Lo
et 12te’  —4te' )| =€ e'F2te’  —4te'\(x
_ i _d |
te’ e'(1-2t) || 1 2 di|| te' e'(1-2t) |\Y
Np)
1
e'+2te’  —4te' (0 e'+2te’  — 4te’ ﬁe%
— < , 3.6
te e'(1-2t) |1 )~ | te' e'(1-2t) iegt (36)
V2
and integrating (3.6) from 0 tot, we have
]' S
(e 42s¢°  — 4se® )| =€ e'+2tet  — 4dte' ) z 1
— f ‘ V2 ds < —
o | s€” e’ (1-2) |1 1 oo 7 |te! ef(1-2t) 1Y) (0
V2
t(e+2se® — 4se® L (e+2se® — 4se® ie%
+ f f V2 ds.
0 se® (1 28 0 1 28) Le%
V2
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By multiplying the last inequality on the left by
et-2te  Ate™

At
e’ = ,we get
-te et 42te g
t( ~(t-s) (t-s) —(t-8) L 2s
2(t s)e 4(t-s)e ﬁe
— ds
Lof (t-s)e () e'(t's)(1+2(t-s)) %625
2
T et2tet  4te™ 1
S _
y -te et4+2tet || 0

-/

e 2ts)e ™ dcts)e ™ (0
)

o | (t-s)e ("™ e () (142 (t-s)
t( -(t-s) 2(t s)e~ (") 4 (t-g)e () Le%
f V2 ds.
!l (t-s)e (t-8) e'(t‘s)(l—l—Q(t-S)) LGQS
V2

It isclear to see that

7 et-2te®  4te™ 1
4= [?/1] B [-tet et+2tet][0]
e 2(t-s)e™ ™ 4(t-s)e (™ 0
)][ ]ds

ol
o

(t-s)e~(+) e () (142 (t-s)

An - Najah Univ. J. Res. (N. Sc.) Val. 32 (1), 2018



Maher Qarawani 29

4s(t-s)e () A4+9et42tet- 8

et otet f
f
0 t’s 1+2(t—s)] 3t+het+Het-5

satisfies (3.4) with theinitial condition.
Now consider the difference

t

[ 2(0) = 21(t) |= |2 — ez — [ f(s)ds
0
et-2te™ t (4s(t-s)e ")
= [2(t) — . —f ‘ ds
-te” b | se 142 (t-9)]
t( o (t-s) —(t-s) —(t-s) L s
e -2(t-s)e 4(t-s)e ﬁe
Sf ds
o | (t-s)e e (142 (t-s)) || L s
2
1
t e—(t—s)_Q(t_S)ef(t—s) 4(t—S)ef(t>s> _625
< su V2 ds < 5627:7 (3.7)
120 < [I(t-s)e ") e (142 (t-s)) || L o 2
NG
where
sup”e (t=s) <supHeAt H < K. (3.8)
£>0 £>0

Consequently, we have
K
=) = (@)1 < 5 e = ke(t)

Therefore, the non-homogeneous system (3.4) is HUR stable for dll
t>0.
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Corollary 3.3 From Hyers-Ulam-Rassias stability of (3.10) (with
fi(t) = 0,7 = 1,2.), one can conclude that the homogeneous system has

with the solution
1 et 2te™
0 - tet

[:1:1] [e't-Qte't 4te’
isstablethe sense of HUR intheinterval 0 <, <t < T < 0.

2 =
h tet et 2te

Theorem 3.2 Let A be a constant matrix and let B(t) be a

continuous matrix valued function in the interval I. Suppose that
o(t) : I — (0,00) isacontinuous function such that

fHe_A(s_t) Hgo(s)ds < Co(t), Yt >0 (3.9
0

If the inequality satisfies
|2" — Az — B(t)z| < ¢(t) (3.10)
and the integral

[ 1Bt < o (3.12)
0
converges, then the solution of (1.2) is stable in the sense of Hyers-Ulam-

Rassias.

Here the norm || B(t)| denotes the sum of the absolute values of
elements of the matrix B(t).

Proof. Let x(t)be an approximate solution of the initia value

problem (1.1), (1.4). We will show that there exists a function
2o (t) satisfying (1.1) and (1.3) such that

l2() = 20 ()] < kel?)
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Theinequality (3.10) implies that
—¢(t) <2’ — Az — B(t)z < ¢(t). (3.12)

Multiplying the inequality (3.12) on the left, by a matrix integrating
factor e 4!, we get

—eHe(t) < - (e

Integrating (3.13) from 0 tot, we have

Atx) — e A B(t)x < e Mo(t). (3.13)

t

t
—[e o g(s)ds < e Ma — 3y — [V B(s)a(s)ds < f “A34(s)
0

0

or, equivaently we get

t t

—f A=) p(s)ds < & — zoett feAt ) B(s)a(s)ds < f Alt=s)

0 0

It is clear to see that
t
2o = etz + feA(t_s)B(s)z(s)ds

satisfies the system (1.2) with theinitial condition (1.4).

Now consider the difference
t

| 2(t) — 2o (t) | < |z — ety — feA(t’S)B(s)x(s)ds

0
t
+fHeA(t—s)
0

From Corollary 3.2, we can find a constant K >0 SO

that SupHeAt H < K.
>0

(3.14)

IB(s)la(s) — #(s)] .
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Then applying Gronwall's inequality for (3.14) we get

= kop(t)

() — 2B < Cel) exp[K NEG

Therefore, the problem (1.2), (1.4) is HUR stable for al ¢ > 0,
which completes the proof of Theorem 3.2.

Example 3.2 Consider the system of differential equations

dx
I 4y — 3z
dy 1 (3.15)
T
z(0) 1
with initial condition = )
y(0) 0
or
% — Az + Blt)
where
z 3 4 0 0
S N YU I
1+ ¢
Wefind
cAl —

et-2tet  4te™
-te et +2te™ ’
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with
et 2tet  4tet
<2t 49t < 9¢° 79 = K,

sup ||eAt || =sup

>0 >0 ||| -te et 42tet
where K = SUp{Ze't + 9te't} = mabx{2e't + 9te't} = 4.134%.
t>0 t>0
Suppose that
B As— By < o(t).
dt
From which it follows that
—o(t) < 2 — Az — B(t)z < ¢(t), (3.16)
Where
ie%
V2 \/ 1 2 1 2
1) = d = — =2t o2t g2t
o0 =7 [ et =l =[5 | (5| =
V2

Multiplying the inequality (3.16) on the left, by a matrix integrating
factor

oAt
te' e'(1-2t)

e'+2tet  — 4tet ]
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1
e'+2te’  — 4tet ﬁe% d et +4+2tet  —4dte')(z
_ <
te' e'(1-2t) J| L o | 7 dt||te! e'(1-2t) [y]
NG)
et +2tet  — Atet 0 0] T
- 1
te t(1-2t 0 [1/
¢ ¢'(1-2t) 1+t
e'+2te’  — 4tet Leﬂ
< V2 . (3.17)
te' e'(1-2t) || L o
V2
Integrating (3.17) from 0 tot, we have
t , L o t t t
e +2s¢®  —dse’ 56 e'+2te’  —dte' |(x 1
i ds < [ _
0 se’ e’(1-2s) ieQS tet et(1-2t) |1 0
Np)
]es+2%8 _4ses 0 0 T
— 1 ds
se® e*(1-2s 0 [3/]
0 (1-2) 1+ ¢
1 2s

P (e°42g° — 4se® Ee
<
_»[ se® S(1-25) || 1T o
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et-2te™  4te™
Left-multiplying the last inequality by ¢4* = [

te™ et +2te
we get
s 1 25

) 2 (ts)e ™ 4(ts)e NG e x et-2tet  4tet 1

i ol
(t-s)e (> e (142(t-s)) || _L 2 Yy -tet et 2te || 0

V2
t (g(ts) 9 (t-8) e () 4 (t-8) (1) 0 0 T
_ —(t-s) -(t-s) 1 [y] ds
o | (t-s)e e (142(t-8)) 1 s 0
1 25

et 2(tg)e ™ 4(t-s)e "™ 5 ‘
(t-s)e (" ™ (142(t-5))

i

t
<J
0

Itisclear to seethat

x et-2te®  4tet
)

h ~te et 2te

Lle®™2(ts)e ™ 4(ts)e 0 0Nz
—|—f ~(t-s) (9 (149 0 [yl]ds

o |(t-s)e e (14+2(t-s)) T

4(t-s)e ()

i
et-2te™ f 1+ &2 [xl]ds
o e 2(t-s)) Y
145

satisfies (3.15) with theinitial condition.
Now consider the difference
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| 2(t) = z1() |
z— ety — feA“*S)B(s)zl(s)ds
0

<

e (92 (t-g)e~ ()

t
</
0

(t-s) e—(t—s)
t

v

0 (t_s)e*(t—s)

e () 2 (t-g)e ()

1+
t e‘(t‘s)_Q(t_S)ef(t—s) 4(t_s)ef(t—s) ie%
Sf V2 ds
0 (t-s)e "t e’(t’s)(1+2(t—s)) i o2
t e—(t—s)_Q(t_S)ef(t—s) 4(‘5—8)67“_5) 0
+f (t-s)e () e (142(t-5)) !
0 145
tl(e-2(t-s)e™ ™ 4(t-s)e <
<s pf V2
T >0 0 (t-s)e'ts) e () (142 (t-8)) 1
V2
Cl(e-2¢ts)e™ ™ A(ts)e 0
+f (t-8) (ts 1
o Il (t-s)e (142 (t- s) 1+
¢
K, 1
< € L K[l 2 |2(s) — z.(s)|ds,
where
At s) At
bt < gl <
(3.19)

4 (t_s)e*(t—s)

e (142 (t-s))

4(t-s)e ("
e (142 (t-s))

36

t
+ [ 1B 2(s) - 21(s)] ds
0
1 2s

V2 ‘ ds

LEZS

V2

0 0

|2(s) — 21(s)| ds

0
|2(s) — 2z (s)| ds
25
ds
25
0
o - stas

(3.18)

An - Najah Univ. J. Res. (N. Sc.) Val. 32 (1), 2018



Maher Qarawani 37

Then applying Gronwall's inequality for (3.18) we get

K
o)~ 2Ol < 5 exp

K[ B(t)ﬂt]

= 2. 0674 ¢ exp

o
4.1348]#(115] = Cop(t)exp (2. 06747) = ko(t)
0

Therefore, the system of equations (3.15) isHUR stablefor al ¢ > 0.

Corollary 3.3 Replacing ¢(t) by ein the inequality (3.2) we can get
Hyers-Ulam stability for Eq. (1.2) intheinterval 0 < ¢, <t <T < o0,

e if o(t) satisfies
|2" — Az — f(t)| <,

with the initial condition z(t,) = x, , then there exists somez(¢) of the
equation (1.2) such that

l2() = 2o (B)] < ke

The proof of Corollary 3.3 is quite similar to the proof of Theorem
3.2 and will therefore be omitted.

In the following theorem we establish the Hyers-Ulam-Rassias
stability for (1.3) intheinterval 0 < t) <t < T < 0.

Theorem 3.3 Suppose thatz(t) satisfies the inequality (2.3) with
initial conditions (1.4). Let A be aconstant matrix and ¢(t) : I — (0, 00)
be a continuous function such that

jHeAM | o(s)ds < Celt), vt >0 (3.20)

Il? (1.5) holds and the integral

jy(t)ds < 00 (3.21)
then ('J[he solution of (1.3) is stable in the sense of Hyers-Ulam-Rassias
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ast — oo .

Proof. Let x(t)be an approximate solution of the initial value
problem (1.3), (1.4). We wish to show that there exists a

function z (¢) satisfying (1.2) and (1.3) such that
l2(t) — 20(8)]] < k().
Then it follows from the inequality (2.3) that
—(t) < o' — Az — g(t,2) < &(t). (3.22)

—At

Multiplying (3.22) by matrix integrating factor e~ ", gives

—e Mo(t) < %(e%) — e Mg(t,z) < e Mo(t).
Integrating the later inequality from 0 tot, we have

t t
_f eAl=9g(s)ds < 7 — zpel! — feA(t_s)g(& x))ds
0 0 (3.23)

t
< f e =)g(s)ds,
0

or, equivaently we get

t

7 — €At$0 o f@A(tis)g(S,CC»dS < fHeA(tfs)
0 0

o(s)ds.

One can easily show that
t

20(t) = Mo + [ X g(s,2))ds
0

satisfies (1.2) with theinitial condition (1.3).
Now, let us estimate the difference
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| 2(t) — 20(t) |

t
T —e a:o—l-feAts s,x)d feAtS s,x)d feA
0 0 0
t

z — ety —feAt ) g(s, z)ds| +

0
oo
S f”eA(t—s
0

t

< Co(t) + f (E) e

0

<

s)ds +

f — g(8,2))ds
0

|(s) = 20 (s)l ds,

S0, we obtain

t

|z(t) — 2 (B)]| < Cep(t) +f7(t) et

0

|2(s) — 2(s)| ds.

Now, since sup e’ | < K then using Gronwall's inequality we get
t>0

|2(t) = 20 ()] < C(t) eXp[K [Ats| = ketd).
0

which means that (2.4) holds truefor all ¢+ > 0.

Corollary 3.3 Replacing ¢(t) by ein the inequality (3.2) we can get
Hyers-Ulam stability for Eq. (1.3) intheinterval 0 < ¢, <t < T < o0,

i.e if z(t) satisfies
|x' — Az — g(t,x)| <eg,

with the initial condition z(t,) = z, , then there exists somez(¢) of the
equation (1.3) such that
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l2(t) = 2 (O] < ke.

The proof of Corollary 3.3 is quite similar to the proof of Theorem
3.3 and will therefore be omitted.

Now we will prove HUR stability for the system (1.3) in which
A(t),t € [0,00), isan n x n matrix of real continuous functionson I. In

this case one can similarly get HUR stability for the systems (1.2), (1.3).

Theorem 3.4 Suppose thatz(t) satisfies the inequality (2.3) with
initial condition (1.4), and A(t) is a continuous matrix function
commuting with itsintegral.

Then a sufficient condition for problem (1.3-1.4) to be stable in the
sense of Hyers-Ulam-Rassias ast — oo isthat

(1) j||eA<fS> p(s)ds < Co(t), Vt>0 (3.24)
0

(id) f ~(t)ds < 00, (3.25)
0

(i) sup|e'?)| < (3.26)
>0

wherec, isaconstant and (t) : I — (0,00) is a continuous function for
t €10,00).

Proof. Let x(t)be an approximate solution of the initial value

problem (1.3), (1.4). We wish to show that there exists a
function z (¢) satisfying (1.3) and (1.4) such that

l2(t) = 2 @) < ke(t)
Then it follows from the inequality (2.3) that
—¢(t) < 2’ — A(t)z — g(t,7) < ¢(t), (3.27)

Multiplying (3.27) by matrix integrating factor ¢~ 4(")* gives

An - Najah Univ. J. Res. (N. Sc.) Val. 32 (1), 2018




Maher Qarawani 41

—e_A(t)tqu(t) < Al e_A(t)tA(t)x — At g(t,x) < e_A(t)tqb(t). (3.28)

Since A(t) is a commuting with its integral, then by Lemma 2.2 we
can write (3.28) in the following

—e‘At(b(t) < %(e‘Ataz) — e_Atg(t, z) < e‘Atgb(t).

Integrating the later inequality from O tot, we have

t

t
_f eA=9g(s)ds < & — ety — feA(tis)g(& z))ds
0 0

t
< f A= g(s)ds,
0

or, equivaently we get

t

z — ety — feA(tfs)g(s, z))ds | < feA(t*S)(b(s)ds.
0 0

One can easily show that

t
20(t) = ey + [ e g(s, 20))ds
0

satisfies EQ. (1.3) with the initial condition (1.4).
Now, let us estimate the difference
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t ¢
| 2(t) — 20(t) |=|x — ez + f ds f =9 g(s,2)ds — f A9 (s, 2)ds
0 0
t t t
Sm—eAt:vo—feA g(s,x)ds| + f (t=) 9(s,z)d feAt9 $,2)d
0 0 0
<fHA gp(sds—i—fH A= g(s,2) — g(s,2)lds
scﬂﬂ+f%Mk“*Wﬂ®—m®W&
0

So, we obtain

t

(6) = 20 ()] < Cop(t) + [ (B [e

0

|2(s) — z0(s)| ds
Using Gronwall's inequality we obtain

|2(t) = 20 ()] < Crlt) eXp[K [Aas| = kett)
0

which means that (2.4) holds truefor all ¢+ > 0.

Corollary 3.4 Replacing ¢(t) by ein the inequality (3.2) we can get
Hyers-Ulam stability for Eq. (1.3) intheinterval 0 < ¢, <t < T < o0,

e if 2(t) satifies
|2’ — A(t)r — g(t,2)| < e,

with the initial condition z(t,) = x, , then there exists somez(¢) of the
system (1.3) such that

() — 20(B)] < ke
The proof of Corollary 3.4 is quite similar to the proof of Theorem
3.4 and will therefore be omitted.
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Conclusion

This paper considers the problem of Hyers-Ulam-Rassias stability for
linear and semi-linear systems of differential equations. Here we use the
direct method to obtain some integral sufficient conditions of Hyers-
Ulam-Rassias stability for linear systems with almost constant matrix,
linear and semi-linear systems of differential equations with constant
matrix. Moreover, in this paper we consider the Hyers-Ulam-Rassias
stability for the semi-linear system with continuous matrix function
commuting with its integral. To illustrate the results, we provided some
exampl es satisfying the assumptions of the proved theorems.
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