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Abstract: In this paper, we give some new formulas for the subsequences of double sequences by using matrices to
represent these formulas. Also, we study some of their boundedness and convergence properties?.
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Introduction

In 1900, Pringsheim (Pringsheim,1900) introduced the con-
cept of convergence of real double sequences. He stated that a
double sequence {a,, };m=-1 CONverges to a € R, if for every € >
0 there is k € N such that |a,,, — a| < & forallm,n > k, see (Du-
mitru & Franco,2019). The limit a is called the Pringsheim limit of
{aym}mm=1 and denotaed by P —lima,, , = a.

If P —lim|a,,,| = oo, (equivalently, for every M > 0 there are
ki, k, € N such that |a,,,| > M whenever m > k;,n = k,), then
(amy) is said to be definitely divergent.

Also, a double sequence (a,,,) is bounded if there is M > 0
such that |a,,,| < M for all m,n € N. In contrast to the conver-
gence for single sequences a P-convergent double sequence
need not be bounded.

After 4 years, in 1904, Hardy (Hardy, 1904) introduced the
notion of regular convergence for double sequences. He defined
that a double sequence (a,,,,) regularly converges to a point a if
it has a limit in Pringsheim's sense and for each m e Nandn €
N there exist the following two limits:

lima,, =R,
n—oo
lim a,,, =C,.
m—o0

In 2000 , the notion of a subsequence of a double sequence
was introduced by Patterson, see (Patterson, 2000), he stated
that the double sequence B is a double subsequence of A pro-
vided that there exist increasing index sequences {n;} and {k;}
such that if a; = A jejo then B is formed by

a; Aa; Q4s Qg
a, az dag
a9 ag as

Later in 2019, Dumitru and Franco (Dumitru & Franco, 2019)
used the definition of Patterson above to introduce another defi-
nition of a subsequence of double sequence named as B-subse-
quences of a double sequence and defined it in the following
manner: If A = [ak,,] be a double sequence and let 8 > 1 be an
extended real and Lety: N x N — N be given in the following way

1LHye~-1 12)»2 (22)~»3 (21)+~4
13)»5 (23)»6 (B3)~=7 (32)~8..
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The double sequence y™#) is called a -subsequence of the
double sequence A if and only if there exists a strictly increasing
function m:1(Sg) - ¥(Sp) such that

Z s if
) _ Y(p.9)
Ypa = =

Znpway
where z; = ay-1;

In recent years, several papers had appeared which study dou-
ble subsequences from various points of view. See (Habil,2006),
(Patterson, 2013), (Patterson & Cakalli, 2013), (Mur-
saleen,2014), and (Dumitru & Franco, 2019).

However, these definitions impose restrictive conditions on
the entries of the double sequence that can be considered for
the subsequence of double sequences. The aim of this paper is
to introduce less restrictive new definitions of a subsequence of
double sequence. We establish the definitions of single subse-
guences of double sequences, double subsequences of double
sequences, Block subsequence of double sequences, upper tri-
angle subsequence and lower triangle subsequence of double
sequences, followed by studying their convergence properties.

Matrix representation of the double sequence

One of the most important points that must be discussed and
presented before defining the subsequence of the double se-
guence is how to express the elements of the double sequence
and how to arrange its elements. In this part of the paper, we will
focus on three types of double sequences, we will present the
features of these types and the most important limits that can be
found for these double sequence and the consequences of that,
for this we will use Matrix representation. It is known that a Matrix
transformations for double sequences are considered by various
authors, (see (Hamilton,1936),( Mursaleen &Mohiuddine, 2009)
and (Robison, 1926).

The first type is the double sequence {a,n}nm=1. We can

write the entries of this sequence by using a matrix and any entry
(anm) set, in the position (n,m), in the following form
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/an A1z Q13 QA4 Qg5 \
Qdz1 Qpz Qz3 Qpq Azs "

Apm = | 31 A3z Q33 d3zq G35
Q41 Q42 O43 Qgq Qus
Using matrices, it becomes clear to us that we can calculate the
limits either for rows or columns or for both together. In other
words, we can calculate the limits

lim ag,, lima,, and lim a,,,
n,m—oo n—-oo m—oo

Thus, we can also calculate the iterated limits

lim lim a,,, and lim lim a,,,

m—-oon—ow n-—-oom-—oo
The second type of double sequences is the double se-
guence of the form {a,,,}7m- We can write the entries of this
sequences by using lower triangle matrix with no elements in the
upper triangle entries. For this type, the matrix representation of
the double sequence has the form

(o \
A1 Ay
Gnm = [ a3 a3z A3z
Gy Qay G4z Gag )
In contrast to the first type, we find that the rows in this type con-
tain a limited number of elements, may be the number of ele-
ments is large, but it remains limited, so this prevents the possi-

bility of calculating the limit for the rows lim,,_,, a,,,,- Thus we can
only calculate the limits

lim a,, and lim a,,,
n,m-oo m-oo

So, we can only calculate the iterated limit

lim lim a,,,

n—ocom-oo

The third type of double sequences is the double sequence
of the form {a,,,}rxm. For this type, we use the upper triangle
matrix with no elements in the lower triangle entries, and the ma-
trix representation of the double sequence has the form

A1 Q2 A3 Ay Ags

According to the matrix representation we find that the columns
in this type contain a limited number of elements, may be the
number of elements is large, but it remains limited, so this pre-
vents the possibility of calculating the limit for the columns
lim,,_, o @ - Thus we can only calculate the limits

lim a,, and lim a,,,
n,m-—oo n—oo
So, we can only calculate the iterated limit

lim lim a,,,

mooon—o
Single subsequence

In this section, we introduce the definition of a single subse-
quence of a double sequence. The advantage of this definition
is its independence from the properties of the original double se-
guence.

Definition 3.1. Let a, b, c,d € R. We say
. (a,b) 2 (a,c)ifandonly if b < c.
. (a,b) 2 (c,b)ifandonly ifa < c.

. (a,b) < (c,d) ifand onlyifa<cand b<dora<c
and b <d.

Definition 3.2. Let (a,,) be a double sequence and let

(ny,my) < (ng,my) < oo < (e, my) < o
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be an increasing sequence of N x N, then we call the sequence
by = a,,m, asingle subsequence of the double sequence (a,,,).

Example 3.3. Consider the double sequence
= {1, ?fn =m;
nm 0, ifn+m.
The subsequence a,,,, = 1,Vn € N is a single subsequence, and
a,m+1) = 0,Vn € N is also a single subsequence of (ay,)

Remark 3.4. Let (a,,,) ba a double sequence and (a,,, ) be a
single subsequence of (a,,,), then the limit lim_,c, ay,,,, need
not be equal to the double limit lim,, ,,,_,c, @, OF the iterated limits
lim,,_ o lim,, oo @y OF limy, o lim,,a,,, Of the original se-
guence. Moreover, there is no double limit or iterated limits for
the single subsequence.
Example 3.5. Consider the double sequence
1 1
Ay = i~ + m
Itis clear that the double limit lim,, ,,,,, @, = 0. Take the subse-
quence a;,, =1+ i then lim,,,, 1 + i =1 and so
lim a,, =0%#*1= limay,
n,m-oo m-oo
Moreover, the limits of the single subsequences need not be
equal or exist. for example the sequence a,,, = % +$ has the

single subsequences a;,, = 1 +i and a,,, = % +% both have
different limits, i.e

. 1 1 1 1
liml+—=1and lim -+—=—
m-o m mow2 m 2

Remark 3.6. In general, a single subsequence of a convergent
sequence need not be convergent. For instance, take the double

sequence

This is a convergent double sequence with lim,, ;,, ,c, @, but the
single subsequence a,, diverges

e W RN PN
e R W] R, W

Double subsequence

In this section, we will form a subsequence that has the
same matrix representation as the original double sequence, and
we will study the extent to which the new double sequence main-
tains the same properties as the original double sequence or not.

Definition 4.1. Let (a,,,) be a double sequence and defined two
increasing subsequence n, and m, of natural numbers. Then the

sequence (a,,pmq) is called a double subsequence of a,,,,.

By applying the definition to the types of double sequences
that were defined in section 2, we find that the matrix represen-
tation of the double subsequence has the forms

Anymy  Angm,  Anymg Angm,  Anyms
anzm1 anzmz an2m3 an2m4 anzms
Anymg = | Gnsmy Gngm,  Angmg Angm,  Angmg
an4m1 an4m2 an4m3 an4m4 amms

or has the form,

Anymy anlmr1

— Anym, anzmr2

An m
Mg a a
nzmy N3Myy

or has the form,
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Anymg Anymo QAniymg

Anpy iy

Anm =—

Ay,

Anym ra

In this way we remove some columns and some rows from
the original sequence to get the subsequence. So the subse-
quence still has the double sequence properties and matrix form
and called the double subsequence.

It must be noted that the double sequence can be a double
subsequence of itself just by taking n,, = p and m; = q, which is
in contrast to the patterson subsequence definition where the
double subsequence can't be a double subsequence of itself in
the patterson sense. (see (Hamilton,1936))

Example 4.2. Let a,,, be a double sequence with the matric form
/an A1z Qi3 Ay Qg5 \
Qdz1 Az Q3 Qzq Azs
Apm = | 31 A3z dzz Az4 d3zs
Q41 A4z Q43 Q44 Qus

We can define the subsequence (azm-1y) Which has the ma-

trix form
/a21 Qaz3 Qs Q7 \
Ay1 Qa3 Qgs Q7
Anyizm-1) = | 61 Q63 Qg5 Qo7
Qdg; Qgz Qdgs Qg7

Remark 4.3. We can restrict the definition of double subse-
quence on only one of the indexes, i.e. (anpm) and (anmq) have
the matrix forms

anll an12 an13 an14 an15

an21 anzz an23 an24 anzs

Apym = | Gns1 Ongz Gngz Gnga Gngs

An,1 Qny2 QAn,z QApue Qpys

Aim;  Aim, Aimg;  Aim, QAimg
aZml a2m2 a2m3 a2m4 a2m5
anmq =] G3m; Q3m, Q3m; d3m, Qamg

a4m1 a4m2 a4m3 a4m4 a4m5

It is clear that the matrix form of (a,,pm) is obtained by removing

some rows, while the matrix form of (anmq) is obtained by re-
moving some columns.
Theorem 4.4. If a,,, is bounded sequence, then the double sub-
sequence is bounded.

It is trivial from the definition that if |a,,| < K, vn,m € N,
then |a,,| <K, vn=Nandm>M

Remark 4.5. The converse of the above theorem is not correct.
For example, consider the double sequence

nm, ifmorniseven;

={1
Anm —, ifmandnisodd.
nm

The double sequence a,,, is unbounded, while the double
subsequence

1
(a(2n+1)(2m+1)) = —(Zn T D@Em+1)

is bounded
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Theorem 4.6. Any double subsequence of a convergent double
sequence converges to the same limit.
Proof. Assume that (a,,,) is a double sequence converges to a

and (anpmq) is a double subsequence of (a,,,).

Since (a,,,) converges to a, then for every e > 0 there exists K =
K(€) € N such that
nm=K = |a,, —a| <e.
Sincen; <n,<--<n,<--andmy <m, <--<my <, We
have
n,=2pmg=qVvp,qE€ N

Hence, it follows that if p,q = K then n,, m, > K, which implies
that

|a"vmq - a| <6
and therefore lim,, ;.0 @, m, = @

Note that the double subsequence has the same matrix rep-
resentation of the original sequence, but it is not the only type
that achieves this. In the same sense of tail subsequence of sin-
gle sequence, we can define block subsequence of a double se-
quence.

Definition 4.7. Let (a,,,) be a double sequence and let M,N €
N, then the sequence (a,,,),¥n = N,m = M is called a block
subsequence. It is clear that we obtained the block subse-
guences by removing the first N rows and the first M columns
from the matrix form of the double sequence (a,,)

anm A(N)(M+1)
Aw+1)(m)

anm -

Definition 4.8. Let (a,,,) be a double sequence. If N € N, then
the sequence (a,,),¥n = N is called R-block subsequence.

= ay1 ANy (2)
nm A(N+1)(1)
If M €N, then the sequence (a,,),vm =M is called C-block
subsequence.
Anen  Awwm+y
a A2
nm

The block subsequence is also a double subsequence. Be-
cause of this, it has the same theorems about limits as similar as
double subsequence.

Theorem 4.9. If a,,, is bounded sequence, then the block sub-
sequence is bounded.

Remark 4.10. The converse of the above theorem is not correct.
For example, fix my, n, € N and define the double sequence

nm, ifm<mgorn<n;

a 1 i
"ol —, ifm>mgandn=mn,
nm

The double sequence a,,, is unbounded, while the block subse-
quence

(anm)nznk,mzmk = %
is bounded
Theorem 4.11. If a double sequence a,,, converges to a, then
any block subsequence of a,,, also converges to a.

In contrast to the previous types, we can define a subse-
guence that violates the original sequence shape, which is in the
form of a square matrix, while only maintaining the shape of the
upper triangle matrix or the lower triangle matrix
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Definition 4.12. The upper triangle subsequence of the double
sequence (a,,,) is the subsequence (a,)ksn
Q11 Q12 Qg3
Qzz Q23

Ak =
a3z

Definition 4.13. The lower triangle subsequence of the double
sequence (a,,,) is the subsequence (a,;)k<n

a1
az1 Az

Ani
Qaz; A3z Az

Remark 4.14. We can define upper triangle double subsequence
(lower triangle) by take (apm)msrm Where f(n) is increasing se-
quence and lower triangle double subsequence by take
(@nm) gmy=n Where g(n) is increasing sequence.

Remark 4.15. For the upper triangle subsequence only
lim,,_,lim,_,a,, defined, and for the lower triangle subse-
quence only limy,_,lim,,_,, a,, defined. Example 4.16. Consider

= Note, first, that

=
. G
lim a, = lim =

nm-o nm-o M

the double sequence a,,,

0

For the upper triangle subsequence (@, )isn ONly
1My My e defined, and lim, o, limy.o, “2 = 0 On the
other hand, for the Lower triangle subsequence (a,i)x<, ONly
limy_elim,_ ,a,  defined, but for this sequence
limy,_, o, lim,,_,, @, dOSe not exist.

Results and discussion

It is clear from the previous sections that any subsequence
of a bounded double sequence is bounded, because any ele-
ment in the subsequence is also an element in the original dou-
ble sequence and satisfied the same condition of boundedness.
On the other hand, Pringsheim (Pringsheim, 1900) has proven
that there is no relationship between boundedness and conver-
gence for the double sequences. However, we can prove that we
can find a bounded convergent subsequence of a convergent
double sequence.

Theorem 5.1. Every convergent double sequence has a
bounded convergent subsequence.

Proof. Let (a,,) be a complex double sequence converges to
a € C, then

Ve >0, 3K € N, such that |a,,, — L| <€
this implies that |a,,| < max{|e + L|,| — e + L|} for alln,m > K.

Therefore the block subsequence (a,;;)nm>x is @ bounded sub-
sequence of the double sequence (a,,,), and since each Block
subsequence of convergent double sequence is convergent then
the block subsequence (a,m)nm>k iS @ bounded convergent
subsequence.

On the other hand, the convergent condition dose not satis-
fied for the single subsequence of the double subsequence, we
can find a divergent single subsequence of a convergent double
sequence, In contrast to the single subsequence, the other types
of subsequences of a convergent double sequence are all con-
vergent and via versa.

Theorem 5.2. Let (a,,,) be a bounded double sequence of com-
plex numbers and let a € C have the property that every block
subsequence of a,,, converges to a. Then the double sequence
(anm) converges to a.

Also the same theorem satisfied in the case of double sub-
sequences, upper triangle subsequences or lower triangle sub-
sequences.
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Theorem 5.3. Let (a,,,,) be a bounded double sequence of com-
plex numbers and let a € C have the property that every double
subsequence of a,,, converges to a. Then the double sequence
(anm) converges to a.

Note that if we have at least one convergent block subse-
guence, then the original double sequence is convergent also.
The same can't happen for the double subsequence. To see this,
consider the double sequence a,,, = (—1)™*™, this sequence is
not convergent but it has many double subsequences which is
convergent as a,, ,, = 1.

In addition, for the single subsequence (ankmk) we can cal-
culate only single limit limy_, . @y, m,, but there is no itreated lim-
its. Also, in case of upper and lower triangle subsequences we
can calculate only one of the itreated limits As we explained in
the previous section.

For the other types of subsequences we have the following
theorem,

Theorem 5.4. If the iterated limits of a double sequence a,,,, ex-
ist and satisfy

lim lim a,,, = lim lim a,,, = a
m—oon—oo n—ocom-—oo

then the iterated limits of a block subsequence (a,m)nsn,mamy
exist and satisfy

lim lim (anm)nznk,mzmk = lim lim (anm)nznk,mzmk =a
m-oon—oo n—-com-—oco
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