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Abstract: In this paper, we introduce the concept of ¢ — 2 —absorbing primary hyperideals in multiplicative hyperrings.
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Introduction

The hypergroup notion was introduced in 1934 by Marty
(Marty, 1934) at the 8th Congress of Scandinavian
Mathematicians. He defined the hypergroups as a generalization
of groups. Later on, many researchers have done many papers
in this field. They investigated that the theory of hyperstructures
have many applications in pure and applied mathematics, for
more details, see (Corsinig, 1993), Cristea & Jancic-Rasovic,
2013), (Davvaz & Leoreanu-Fotea, 2007) and (Omidi & Davvaz,
2017). Similar to hypergroups, hyperrings are algebraic
structures more general than rings. Hyperrings were introduced
and studied by many authors, see for example (Ameri & Norouzi,
2013), and (Asokkumar & Velrajan, 2012). There are many types
of hyperrings. A well-known type of a hyperrig, called the Krasner
hyperring, where the addition is a hyperoperation, while the
multiplicative is an ordinary binary operation. For more study on
this type of hyperrings, we refer to (Krasner, 1983), and (Rota,
1982). Another important type of a hyperring, called the
multiplicative  hyperring, obtained by considering the
multiplication as a hyperoperation while the addition is an
operation. This type of hyperring was introduced by Rota (Rota,
1982). A general type of hyperring, where both the addition and
multiplication are hypeoperations can be found in (Dawaz &
Leoreanu-Fotea, 2007). The notion of primeness of hyperideal in
a multiplicative hyperring was conceptualized by Procesi and
Rota (Procesi & Rota, 1999). Dasgupta introduced the concepts
of prime and primary hyperideals in multiplicative hyrerrings
(Dasgupta, 2012). The notion of 2 —absorbing and 2 —absorbing
primary hyperideals in multiplicative hyperrings have been
introduced and studied by Anbarloei (Anbarloei, 2017). The
objective of this paper is to construct more accurate results and
concepts regarding multiplicative hyperrings. In fact the
motivation of writing this paper is two folded:

(1) To extend the concepts of prime, primary, 2 —absorbing and
2 —absorbing primary hyperideals in  multiplicative
hyperrings to the concepts of ¢ —prime, ¢ —primary, ¢ —

2 —absorbing, and ¢ — 2 —absorbing primary hyperideals
respectively.

(2) To introduce the concepts of hyperideals of direct product of
multiplicative hyperrings and how to classify them among
absorbing hyperideals. The remains of this paper are
organized as follows: Section 2 concerns some basic
definitions and results in the sequel of this paper. In section
3, the main results concerning generalizations of
2 —absorbing primary hyperideals will be given. Section 4
concerns the conclusion.

Preliminary Notes

In this section we state some basic concepts and results
related to hyperring theory. We hope that this will improve the
readability and understanding of this paper.

In a classical algebraic structure, the composition of two
elements is an element, while in an algebraic hyperstructure, the
composition of two elements is a set. Let H be a non empty set
and P*(H) be the family of all nonempty subsets of H. As in
(Davvaz & Leoreanu-Fotea, 2007), a hyperoperation e on H is
a mapping «:H X H — P*(H). The couple (H,») is called a
hypergroupoid. If A,B € P*(H) and x € H, then we define A«
B =Ugcapecp @ b,Ae x=Ae{x} and xe B={x}e B. The
notions of semihypergroups, quasihypergroups and
hypergroups are defined in (Davvaz & Leoreanu-Fotea, 2007) as
follows. A hypergroupoid (H,e) is called a semihypergroup if for
all a,b,c of H we have (ae b)e c =ae(be c), which means
that Uyecgep u® ¢ = Upep.c a* v. A hypergroupoid (H,s) is
called a quasihypergroup if for all a of H we have ae H=H =
H e a.(Itis also called the reproduction axiom). A hypergroupoid
(H,#) which is both a semihypergroup and a quasihypergroup is
called a hypergroup. Recall from (Davvaz & Leoreanu-Fotea,
2007) that a triple (R, +,¢) is called a multiplicative hyperring if

(1) (R, +) is an abelian group;
(2) (R,*) is a semihypergroup;

1 Department of Mathematics, Faculty of Applied Science, Al-Agsa University, Gaza, Palestine.

*Corresponding author: ma.hmodeh@alagsa.edu.ps

An - Najah Univ. J. Res. (N. Sc.) Vol. 37 (2), 2023

61
An-Najah National University, Nablus, Palestine


https://doi.org/10.35552/anujr.a.37.2.2117

(3) for all a,b,c € R, we have ae(b+c)S ae b+ae c and
(b+c)eaS bea+ce a;

(4)foralla,b,c € R,we have ae (—b) = (—a) e b= —(ae b).

Ifin (3) we have equalities instead of inclusions, then we say
that the multiplicative hyperring is strongly distributive.

A multiplicative hyperring (R, +,¢) is said to be commutative
if R is commutative with respect to hyperoperation . Throughout
this paper all multiplicative hyperrings are assumed to be
commutative with absorbing zero; i.e., there exists 0 € R such
thatx =04+xand 0 € x « 0 for all x € R. Recall from (Ameri et
al., 2017), that if (R,+,#) is a multiplicative hyperring, then an
element e € R is called a left (resp. right) identity if a € e* a
(resp.a € ae e)fora € R. eis called an identity element if it is
both left and right identity element. An elemente € R is called a
left (resp. right) scalar identity if a =e s a (resp. a=a -« e) for
a € R. e is called a scalar identity element if it is both left and
right scalar identity element. If (R,+,¢) is a multiplicative
hyperring with identity e, then a € R is called a left (resp. right)
invertible (with respect to e) if there exists x € R such that e €
xe a(resp.e € ae x). ais called invertible if it is both left and
right invertible. A multiplicative hyperring (R,+,) is called
unitary if it contains an element u such thatae u =u e a = {a}
foralla € R. Anonempty subset H of a multiplicative hyperring
(R, +,%) is called a subhyperring of (R,+,s) if (H,+,) is a
multiplicative hyperring. In other words, H is a subhyperring of
(R,+,) f H—HC H and xe yC H for any x,y€ H. A
nonempty subset [ of a multiplicative hyperring (R, +,) is called
a hyperideal of (R,+,e)ifI—ICS I andxerU re xc [ for
any x € [ and r € R. The intersection of two subhyperrings of a
multiplicative hyperring (R,+,¢) is a subhyperring of R. The
intersection of two hyperideals of a multiplicative hyperring
(R, +,%) is a hyperideal of R. Moreover any intersection of
subhyperrings of a multiplicative hyperring is a subhyperring,
and any intersection of hyperideals of a multiplicative hyperring
is a hyperideal. The hyperideal generated by any subset S of
(R, +,¢) is the intersection of all hyperideals of R containing S.
From (Davvaz & Leoreanu-Fotea, 2007), and (Dasgupta, 2012),
let A and B be non empty hyperideals of a multiplicative
hyperring (R, +,9).

(1) The sum 4 + B is the hyperideal defined by
A+B={a+b:a€ AbE€E B}.
(2) The product A « B is the hyperideal defined by
Ae B=U {3, a;* bi:a; € A b; € B,n€N}.
(3) The principal hyperideal of R generated by an element a is
given by

<a>={pa:p€Z}+

Qi+t y + Sz YL, k3 73, S, W, ty € R, x; €
Ti* 4,V € ae S;,Zx € tye ae Ul

(4) The zero hyperideal is the hyperideal generated by the
additive identity zero denoted by < 0 > and we have <0 >=
Bl + XLy + Sz Y, k3 7, S, U, ty € R, Xx; € 1y @
0,y; €00 55,2, € e * 00wl

Recall from (Procesi & Rota, 1999) that a prober hyperideal
I of a multiplicative hyperring (R, +,) is called a prime hyperideal
of Rif forany a,b€ R, ae b<S I, thena€ [ or b€ I. From
(Dasgupta, 2012), let C be the class of all finite products of
elements of a multiplicative hyperring (R, +,0),i.e.,C ={r;e 1, o
..o :1 € R,neN} S P*(R). A hyperideal I of R is called a
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C —ideal of Rif foranyA€ C,AN [+ ®= Ac I Theradical
of I denoted by Rad (1) is the intersection of all prime hyperideals
of R containing I. If R does not have any prime hyperideal
containing I, then Rad(I) = R.

Let VI defined as I = {r € Rir™ C I for somen € N},
where ™ =1 e re...e 1 for any positive integer n > 1 and r! =
reretr

n—times
{r}, then by Proposition 3.2. in (Dasgupta, 2012), VT € Rad(l).
The equality holds when I is a € —ideal of R. A hyperideal I # R
of a multiplicative hyperring (R,+,») is called a primary
hyperideal of R if forany a,b € R,ae b S I, thena€e I orb €

VI

Recall from (Davvaz & Leoreanu-Fotea, 2007) that a
homomorphism (resp. good homomorphism) between two
multiplicative hyperrings (R, +,¢) and (R',+',e") isamap f:R —
R’ such that for all x,y of R, we have f(x +y) =f(x) +'f(y)
and f(xs ¥) S f(x) «'f) (resp. f(x+ ¥) = f(x) *'f ().

The kernel of f is the inverse image of < 0 >, the hyperideal
generated by the zero in R and is denoted by Ker(f). From
(Davvaz & Leoreanu-Fotea, 2007), let (R, +,#) be a multiplicative
hyperring and I be a hyperideal of R. The usual addition of cosets
and multiplication defined as:

(@a+D*(b+D={c+I:c€ ae b} on the set R/I ={a+
I:a € R} of all cosets of I. Then, (R/I,+,%) is a multiplicative
hyperring and it is strongly distributive if R is so.

Recall from (Anbarloei, 2017) that a prober hyperideal I of a
multiplicative hyperring (R,+,¢) is called a 2 —absorbing
(resp. 2 —absorbing primary) hyperideal of R if ae be cC I,
thenae bS I orbecCS loraecCS I (respasbS I oOrbe
ccIloras cc+I)foranya,b,c€ R.

Results and Discussion

We start by the following definitions.

Definition 3.1 Let (R,+,») be a multiplicative hyperring ,
L(R) be the lattice of all hyperideals of R and ¢:L(R) —
L(R)U {0} be a function.

(1) A proper hyperideal I of R is called a ¢ —prime hyperideal
of R if whenever a,b € R with ae b < [ —¢(I), thena € I or
be I

(2) A proper hyperideal I of R is called a ¢ —primary
hyperideal of R if whenever a,b € R withae b < I —¢(I), then
aelorbe VI

(3) A proper hyperideal I of R is called a ¢ — 2 —absorbing
hyperideal of R if whenever a,b,c € R withe be c C I —¢(I),
thenae bS [orae cS [Orbe cC I.

(4) A proper hyperideal I of R is called a ¢ — 2 —absorbing
primary hyperideal of R if whenever a,b,c € Rwith ae be c C
I—¢(),thenae hS JToras ccIorbe c /I

Definition 3.2 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {®} be a function, and I be a ¢ —
2 —absorbing primary hyperideal of R. Then,

(1) If ¢(P) = @ for every P € L(R), then we say that ¢ = ¢,
and [ is called a ¢, — 2 —absorbing primary hyperideal of R, and
hence I is a 2 —absorbing primary hyperideal of R.

(2) If ¢(P) = P for every P € L(R), then we say that ¢ = ¢,
and I is called a ¢, — 2 —absorbing primary hyperideal of R.

(3) If n = 2 a positive integer and ¢(P) = P™ for every P €
L(R), then we say that ¢ =¢, and [ is called a ¢, —
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2 —absorbing primary hyperideal of R. In the case that n = 2, we
say that ¢ = ¢, and I is called an almost—2 —absorbing primary
hyperideal of R.

(4) If p(P) = Ny=, P™ for every P € L(R), then we say that
¢ =¢,, and I is called a ¢,, — 2 —absorbing primary hyperideal
of R.

Remark 3.3

Q) AsI—¢p)=1-(UN ¢U)), so we may assume that
o) c I

(2) Given two functions 1, ,: L(R) — L(R)U {@}, we say
that ¥, <y, if Y, (P) € ¢,(P) for each P € L(R). Thus, one can
be easily seenthat ¢y < ¢, <...< P11 < P <...< P, < ¢y

(3) Every ¢ —prime hyperideal of a multiplicative hyperring R
is ¢ —primary hyperideal of R.

(4) Itis clear that every ¢ — 2 —absorbing hyperideal isa ¢ —
2 —absorbing primary hyperideal.

(5) It is clear that every ¢ —primary hyperideal is a ¢ —
2 —absorbing primary hyperideal.

The following example shows that a ¢ — 2 —absorbing
primary hyperideal need not be ¢ — 2 —absorbing hyperideal.

Example 3.4 Let R be the ring Z under ordinary addition and
multiplication. For any a, b € R, we define the hyperoperation a «
b = {2ab,3ab}. Then, R = (Z,+,¢) is a multiplicative hyperring.
Let H = 12Z = {12n:n € Z} be a subset of R. Then, H is a ¢,, —
2 —absorbing primary hyperideal of R that is not ¢, —
2 —absorbing hyperideal of Vv n > 2.

The following example shows that a ¢ — 2 —absorbing
primary hyperideal need not be ¢ —primary hyperideal.

Example 3.5 Consider the multiplicative hyperring Z define
in Example 3.4.The hyperideal 12Z = {12n:n €Z} is a ¢, —
2 —absorbing primary hyperideal of Z V n > 2. However, 12Z is
not ¢, —primary hyperideal of Z. 4 « 3 € 12Z — ¢4,(12Z) = 12Z
and 4 € 12Z, 3" € 12ZV n = 2. Also, 3 € 12Z, 4" £ 12ZV n = 2.
Therefore, 127 is not ¢,, —primary hyperideal of Z.

Now, we give the following diagram which clarifies the place
of ¢ — 2 —absorbing primary hyperideal in the lattice of all
hyperideals L(R) of R.

prime hyperideal = ¢ —prime hyperideal = ¢ —
2 —absorbing hyperideal = ¢ — 2 —absorbing primary
hyperideal.

Proposition 3.6 Let I be a proper hyperideal of a
multiplicative hyperring (R,+,») and let ¥, ,:L(R) —
L(R)U {0} with Y, <,. If I is a y, — 2 —absorbing primary
hyperideal of R, then I is ay, — 2 —absorbing primary hyperideal
of R.

Proof. Assume that I is a i, — 2 —absorbing primary
hyperideal of R and let a,b,c € R with ae be c S I —1,(I).
Now, ae be c S I —y,(I) S I —,(I). Therefore, I is a P, —
2 —absorbing primary hyperideal of R.

Now, we need the following definition.

Definition 3.7 A proper hyperideal I of a multiplicative
hyperring (R, +,) is called an idempotent if I = I2.

Theorem 3.8 Let I be a proper hyperideal of a multiplicative
hyperring (R, +,¢). Then the following assertions hold.

(1) If I is a 2 —absorbing primary hyperideal of R, then I is a
¢,, — 2 —absorbing primary hyperideal of R.
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(2) If I is a ¢, — 2 —absorbing primary hyperideal of R, then
I is a ¢,,, —2 —absorbing primary hyperideal of R for every
positive integer n > 2.

(3) If I is a ¢, — 2 —absorbing primary hyperideal of R, then
I is a ¢, —2 —absorbing primary hyperideal of R for every
positive integer n > 2.

(4) If I is a ¢, —2 —absorbing primary hyperideal of R for
every positive integer n > 2, thenl is almost 2 —absorbing
primary hyperideal of R.

(5) If I is an idempotent hyperideal of R,then I is a ¢,, —
2 —absorbing primary hyperideal of R and [ is a ¢,—
2 —absorbing primary hyperideal of R for every positive integer
n=1.

(6) If 1=+1, then I is a ¢, — 2 —absorbing primary
hyperideal of R if and only if I is a ¢,, — 2 —absorbing hyperideal
of R.

(7) Iis a ¢, — 2 —absorbing primary hyperideal of R for every
positive integer n > 2 if and only if I is a ¢, — 2 —absorbing
primary hyperideal of R.

(8) If I is a ¢ — primary hyperideal of R and (V1) = /o (I),
then T is a ¢ —prime hyperideal of R.
Proof.
(1-4) Follow directly from Proposition 3.6.
(5) Assume that [ is an idempotent hyperideal of R. Then,
I = I" for every positive integer n > 1. Thus, ¢,,(I) = Ny I" =
I. Thus, we are done.

(6) Since, YT = VI, we are done.

(7) Assume that I is a ¢, — 2 —absorbing hyperideal of R and
let a,b,c € R with ae be c S I — N5, I™. Thus, ae be cC
I —I" for some positive integer n>2. Now, [ is a ¢, —
2 —absorbing primary hyperideal of R implies that ae b € I or
be cc+I or ae cS+I. The converse is clear from parts
®,@.

(8) Proceed similar as (6).

Lemma 3.9 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {@} be a function, I be a ¢ —prime
hyperideal of R and J be a subset of R. Forany a € R, ae ] S
I —¢()anda £ I, impliesthat] c I.

Proof. Leta€ R,ae JS I—¢p()andag I. Thus,ae | =
U aejSI—¢U)forallj;€ J. Then,ae j; S I —¢(I) forall
ji € J. Since I is a ¢ —prime hyperideal of R and a £ I, we
conclude that j; € I for all j; € J. Therefore, J € 1.

Now, we extend Lemma 3.9 to ¢ —primary case.

Lemma 3.10 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {@} be a function, I be a ¢ —primary
hyperideal of R and P be a subset of R. Foranya € R,ae P C
I — ¢(I), then either a € I or P /1.

Proof. Assume that a€ R, ae PS I —¢() and ag I.
Then, ae P=U ae*J, S I—¢() for al J, € P. Thus, a-e
Jo € 1 —¢() forall J, € P. Since I is a ¢ —primary hyperideal
of Rand a € I, we conclude that J, € VT forall J, € P. Therefore,
Pc I

Theorem 3.11 Let (R,+,%) be a multiplicative hyperring,
¢:L(R) — L(R)U {@} be a function, I be a ¢ —prime
hyperideal of R, and A and B are subsets of R. If Ae BC | —
¢(),thenAc IorBc I.
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Proof. Assume that Ae BS I —¢(), AZ I, and B Z I.
Since, Ae B=U x;*y, S I—¢(), then x;» y; € [ — ()
for all x;, € A and y; € B. Since, AZ I and B & I, then there
exista,b € I forsomea€ Aandb € B. Thus,ae b<S Ae BC
I —¢(I).Sincea,b g I and [ is a ¢ —prime hyperideal of R, then
ae b £ I, acontradiction. Therefore, AS [ orB c I.

Theorem 3.12 Let I be a proper hyperideal of a multiplicative
hyperring (R, +,») and let ¢: L(R) — L(R)U {@} be a function.
If I is a ¢ —prime hyperideal that is not prime, then I? < ¢(I).
Hence, a ¢ —prime hyperideal I with I & ¢(I) is prime.

Proof. Assume that 1> & ¢(I), we show that I is prime
hyperideal of R. Leta,b € R suchthatae bC I.Ifae b & ¢(I),
and since [ is a ¢ —prime hyperideal, we have a € I or b € I.
So, assumethata e b € ¢(I). First, assumethatae I =U a-
Je & @) for all j, € I. Thus, there exists j, € I such that a «
Joe €¢). Then,ae(b+j,) S I —¢p().So,a€ lorb+j, €I
and hence a€ [ or b€ [. So, we can assume that ae [ =
U aej,So¢)forallj, € I.Then,ae j, € ¢p(I)forallj, € I.
Likewise, we can assume that be I=U be jz € ¢(I) for all
jp € 1.Then,b e jo € p()foralljs € I.SinceI> =U j,* jg &
¢(D) for all jo,jg € I, then there exist jq,jz € I with j, ¢ jg &
d(D). Then, (a+jg)» (b+jg) & I — (D). Since I is a ¢ —prime
hyperideal of R, we conclude that a + j, € I or b + jz € I, and
hence a € I or b € I. Thus, I is prime hyperideal of R.

Theorem 3.13 Let (R, +,#) be a multiplicative hyperring, I be
a ¢ —prime hyperideal of R for some ¢, and ¢ (1) < ¢(J) for some
hyperideal J of R such that ] = ﬁ and J c I. Then, I is a prime
hyperideal of R.

Proof. Assume that I is not a prime hyperideal of R. Then,
1?2 € ¢(I) by Theorem 3.12. Hence VI =./¢(I). Since ¢(I) €
¢()c J=., we have Vi=. ¢p(J)c . Thus, IS, a

contradiction. Therefore, I is a prime hyperideal of R.

Theorem 3.14 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {@}be afunction, and I, and I, be ¢ —prime
hyperideals of R. If (1)) = ¢p(I,) = p(,N L), then ;N I, is
a ¢ — 2 —absorbing hyperideal of R.

Proof. Let a,b,c € R such that ae be cC (,N I,)—
¢(,N L), letae b LN I, and be c € I;N I,. Then,
a,bcg LN L.Ifae LN I, thena€ I, and a € I,. Since
I, and I, are hyperideals, we have ae b<S I, and ae b C I,.
Then, aeb< I;N I, which is a contradiction. Thus,
ag LN L.Similarly,bg LN IL,andcg I;N [I,. We have
three cases:

Case (1):ag I, and a € I,. Since, c& I; N I, we have
three cases again. Assumethatc & I, and c € [,. Sinceae b e
cc(nN L)Y—-¢(U;N L). Then, aebec< I, —¢).
Since I, is a ¢ —prime hyperidealof Randa e ¢ & I;,ae be ¢ C
L —¢(,), then be I, by Lemma 3.9. Thus, ae bC I,.
Similarly, Since I, is a ¢ —prime hyperideal of Rand a e ¢ & I,
aebe cC I,—¢(,), we have b € I, by Lemma 3.9. Thus, a «
b<c I,. Hence, as b S I; N [,, a contradiction. Thus, c € I;
or ¢ € I,. Now, assume that c £ I, and c € I,. Since, [, is a
¢ —prime hyperidealof Randae ¢ & I;,ae be c S I, — ¢(I;),
we have b € I,. Thus, be c € I,. Since,c€ I,,thenbe cC I,
andthus be c S I; N I, a contradiction. Similarly ¢ £ I, and
¢ € [, lead to a contradiction. Thus, ifag I, N [,,thena€ I,
orac I,

Case (2):a € I, and a € I,. We show that c € I,. Assume
that c € I,. Since I, is a ¢ —prime hyperideal of R, we have a
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¢ ¢ I,. Since, whenever ae be c S I, —¢p(l;), ae c € I, and
also I, is a ¢ —prime hyperideal of R, then b € I, by Lemma 3.9.
Thus,ae b S I; N [,, acontradiction. Thus, ¢ € I, and we get
c € I,. Therefore,ae cS L, N I,.

Case (3): Assume that a € I, and a £ I;, we show that c €
I,. Assume that ¢ £ I,. Since I, is a ¢ —prime hyperideal of R,
thenae c & I;. Since, wheneverae be cC I, —p(l;),ae c &
I, and I, is a ¢ —prime hyperideal of R, then b € I, by Lemma
3.9. Thus, ae b < I, N [, a contradiction. Since, ¢ € I; and
cg LN IL,wehavecg I,andhenceae c<S I; N I,. Thus,
I;N I,is a¢ — 2 —absorbing hyperideal of R.

Example 3.15 Let (Z;,® ,© ) be aring such that the binary
operations @ ,© defines as follows:

a® banda(® b are remainder of a%b and %b where +

and . are ordinary addition and multiplication for all @, b € Z,. For
abeZ;, we define the hyperoperaton Geb=
{0, ab, 2ab, 3ab, 4ab, 5ab}. One can easily see that (Zs,® ,*) is a
commutative hyperring. Now, let I; = {0} and I, = {0,2,4}. Then,
LN I, ={0}. Clearly, {0} is a ¢, — 2 —absorbing hyperideal of
(Zg, ,») Yn =2, but it is not a ¢, — 2 —prime hyperideal of
(Z6,D ,°)-

Theorem 3.16 Let / and P be proper hyperideals of a
multiplicative hyperring (R, +,¢) such that] € P,and letn > 2 be
positive integer. If P is a ¢, — 2 —absorbing primary hyperideal
of R, then P/] is a ¢, — 2 —absorbing primary hyperideal of R/J.

Proof. Assume that P is a ¢, —2 —absorbing primary
hyperideal of R. Let a,b,c € R such that (a+/J)*x(b+]) *x (¢ +
J)e P/]—(P/)". Since J< P, we have ae be c S P—P"
Thus,as b S Poras cSvPorbe c S+/P.Now,J S Pimplies
JP/]=~P/].Thus, (@+))*(b+]) S P/jor(a+])*(c+]) <
VP/] or (b+])x(c+])<S+P/]. Hence, P/] is a ¢,—
2 —absorbing primary hyperideal of R/].

Theorem 3.17 Let J < P be proper hyperideals of a
multiplicative hyperring (R,+,¢). If P is a ¢, — 2 —absorbing
primary hyperideal of R, then P/] is a ¢, — 2 —absorbing primary
hyperideal of R/J.

Proof. Proceed similar as Theorem 3.16.

Definition 3.18 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {@} be a function, and I < ] be proper
hyperideals of R. The proper hyperideal J/I of R/I is called a
¢; — 2 —absorbing primary hyperideal of R/I if whenever a, b, c €
R/I with ae be cC J/I —(¢p(J)+1)/I implies ae b < J/I or
aecC./J/lorbe cgm.

Theorem 3.19 Let (R,+,») be a strongly distributive
multiplicative hyperring, ¢: L(R) — L(R)U {@} be a function, J
be a proper hyperideal of R. Suppose that I is a proper
hyperideal of R with I < ¢(J). Then, the following assertions are
equivalent.

(1) J is a ¢ — 2 —absorbing primary hyperideal of R.

(2)J/1 is a ¢, — 2 —absorbing primary hyperideal of R/I.

(3) J/I™ is a ¢;n — 2 —absorbing primary hyperideal of R/I"
for every positive integer n > 1.

Proof. (1) = (2) Assume that J is a ¢ — 2 —absorbing
primary hyperideal of R, and let a,b,c € R such that (a +1) *
b+Dx(c+D={x+I:x€ aebec}c J/I—(p()+D/I.
Now, since R is a strongly distributive multiplicative hyperring
and I is a hyperideal of R, then R/I is a ring by (Davvaz &
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Leoreanu-Fotea, 2007, Corollary 4.3.6). Thus, (a +1) x (b + 1) *
(c+D=aebec+Ic J/I—(¢p(J)+1)/I. Thus, ae be cCS
J—=¢().Thus,ae b< jorae cc. [jorbe c <.f].Since, I €
() < J, we have \[J/T = [J/I. Thus, (a+ ) (b +1) < J/I or
(@a+D*(c+DcfJ/lor(b+ D) *(c+1) <. [J/I. Hence, ] /I is
a ¢, — 2 —absorbing primary hyperideal of R/I.

(2) = (3) Assume that (2) hold and let n > 1 be positive
integer. Since I € ¢(J), we have I" € I € ¢(J). Suppose that
a,b,c€ R with (a+I")x(b+I")*x(c+I")={y+I":y€ a-
bectcC J/I"—¢p(J+1M)/I". Thus,ae be c &£ ¢(J). Since I <
¢()andase be c £ p(J),wehaveae be ¢ &£ I.Thus, (a+1) *
(b+D*(c+D)c J/I—¢y+D/I. Since ]I =[J/T" =[]/
I™ and J/I is a ¢, — 2 —absorbing primary hyperideal of R, we
conclude that as b < Joras c S fJj or be c<./]. Thus, a e
b+I"c J/I"oras c+I"c J]/"orbe c+I" < J]/I". Note
that I™ is a hyperideal of R and R is a strongly distributive
multiplicative hyperring, so R/I" is a ring.

(3) = (1) Assume that (3) hold and let n = 1. Assume that
a,b,c € R with ae be c S ] —¢(J). Since, I € ¢(J), then a«
becg I. Since, I S ¢p(J)c J,we have (a+ D) *(b+1)*(c+
N=aebec+Ic J/I—¢()/I. Since, \J/I = []/1 and J/I is
a ¢, — 2 —absorbing primary hyperideal of R, we conclude that
aebS ] or ascs,f] or be cc,[]. Hence, | is a ¢ —
2 —absorbing primary hyperideal of R.

The proof of the next result is easily verified, and thus we
omit the proof.

Lemma 3.20 Let (R,+.) be a strongly distributive
multiplicative hyperring and ¢:L(R) — L(R)U {@} be a
function. Set R/{®} = R, and let ] be a proper hyperideal of R.
Then, J is a prime (primary, 2 —absorbing primary, respectively)
hyperideal of R if and only if J/¢(J) is a prime (primary,
2 —absorbing primary, respectively) hyperideal of R/¢(J).

Theorem 3.21 Let (R,+,») be a multiplicative hyperring,
¢:L(R) — L(R)U {0} be a function, and I be a proper
hyperideal of R. Then, the following assertions are equivalent.

(1) I is a ¢ —primary hyperideal of R.

(2) Foreacha € R—+I,(I;za) =1U (¢p():za).

(38) For each a€ R—+I, either (I:za) =1 or (I:ya) =
(¢(D:r ).

Proof. (1) = (2) Assume that I is a ¢p —primary hyperideal
of R. Clearly, IU (¢(I):ga) € (I:ga). On the other hand, for
every x € (I:iga), ifx e a € ¢(I), then x € (¢p(I):g a). Otherwise,
fromxe a S I —¢(I)anda €I, we getx € I. Hence, (I:ya) S
Iy (¢(:ra).

(2) = (3) ltis clear since (I:g a) is a hyperideal of R.

(3) = (1) Assume that a,b€ R with ae b< I —¢(I).
Obviously, (I:ra) # (¢(I):za). If a € VI, then by (3), we have
(I:ga) =1. This implies that b € I, that is I is ¢ —primary
hyperideal of R.

Theorem 3.22 Let (R,+,») be a strongly distributive
multiplicative hyperring, ¢: L(R) — L(R)U {@} be a function, I
be a ¢ —2 —absorbing primary hyperideal of R and P be a
hyperideal of R. If ae be PSS I —¢(I) and a+ b & [ for any
a,be R, thenae PSTorbe PCHI.

Proof. Assume that ae P £+ and be P ¢ /I for some
a,b€ R. Since, as P=U asj,¢VI and be P=U b
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j. € VI forall j, € P, then there exists j, such that a s j, & 1
and be j, £+I. We may assume that a s j; £+vVI and be j, &
T for some j,,j, € P. Also, for all j, we have ae be j, € I —
¢(D).Sinceas bs S I—¢U),ae b Iandas j, VI, we
have b e j, € +/I. Similarly, since ae be j, S I—¢(), as b &
Iand be j, £+, we have ae j, €+/I. Now, since I is a ¢ —
2 —absorbing primary hyperideal of R, whenever a » b(j, + j,) S
I—¢()and ae b & I, we have a e« (j; +j,) SVI or be(j; +
j2) €VI. Assume that a s (j; +j,) =as j, +ae j, € 1. Since
ae j, €I, we have a « j; €T acontradiction. Similarly, let b
(i+j)=bj,+be j, CI.Sincebe j, C+I,wehavebs j, C
V1, a contradiction. Thus,as PS+Iorbe P C/1I.

Theorem 3.23 Let (R,+,») be a strongly distributive
multiplicative hyperring, ¢:L(R) — L(R)U {@} be a function,
and I be a proper hyperieal of R. Then, I is a ¢ — 2 —absorbing
primary hyperideal of R ifand only if I; e I, ¢ I; € I — ¢(I), then
ILeI,C I or Iys I; €I or I, » I €+/T for any hyperideals
I, 1,15 of R.

Proof. Let I be a ¢p — 2 —absorbing primary hyperideal of R,
LelLelbcI—¢U)andl e I, & I. Claimthat I, « I; €+1 or
I I, €+I. Assume that I« I, €1 and I, s I; € /1. Thus,
there existj, € I, and j, € I, suchthatj, ¢« ; €VIandj,s I; &
V1. By Theorem 3.22, we get j, » j, € I. Since I, I, & I, we
have ae b & I for some a€ I, and b € I,. Since ae be I; C
Lelbe ;€ I—¢()andae b & I, then by Theorem 3.22,a «
I;SVIorbe I €I

Case (1): Assumethatae I; S+Tandbe I, ¢ +/I.Sincej, »
belyS hielbely€ I—¢(),belyEVTandj,« I; £ VI, we
have j; » b < I by Theorem 3.22. Since (a+j,)e be I3S I »
Lely € I—¢)andbe I; €I, we have (a+j) e I; ST or
(a+j,)* b S I by Theorem 3.22. Assume that (a+j;)e I3 S
V1. Then for every j, € I, since R is strongly distributive, we
concludethat (a+j)e Is=U (a+j)ejz=ae jz+j;¢ j3=
ae I;+j,» I; €+/1.SinceVIis ahyperidealand a ¢ I; €I, we
get j; » I; €I, a contradiction. Now, suppose that (a + j;) ¢
b=ae b+j,+ bc I Sincelisahyperidealandj, « b < I, we
have a « b < I, a contradiction.

Case (2): Assumethatas I; €VIandb e Iy S+/I. Then, a
Jjo, & I by Theorem 3.22. Since ae (b+j,)e 5SS ;e I, o I3 S
I—¢),ae I, ¢VI,wehaveae(b+j,) S Ior(b+j,)e I
VI by Theorem 3.22. Assume that (b + j,) » I; S I. Since
strongly distributive, we have (b+j,)e Is;=U (b+j,)e j3
bejs+j,% js=be I3+, I; €I for every j; € I;. Since VI
is a hyperideal and be I; I, we have j,s L S+I, a
contradiction. Now, assume that ae(b+j,) =ae b+ae j, S
I. Similarly, since I is a hyperideal and a « j, < I, we have a ¢
b < I, a contradiction.

(g}

=

Case (3): Assumethatae I; C+vTandb e I; C+/I.Sinceb o
LT and j,e I; £+I, we have (b+j,)e I;€+I. By
Theorem 3.22, we conclude that j, e (b+j,) =j, e b+j, ¢ j, S
I.Since j;ej,S landj,eb+j,ej,S I, wegetbej C I
Since as I; €I and j; » I; € VI, we conclude that (a + j;)
I; €VI. Hence (a+j)e j,=as j,+j;* j, S I by Theorem
3.22.Sincej,*» j, S landae j,+j;¢ j, S I,wehaveas j, S
I.Thus, (@+j;) s (b+j,) =as b+ase jo+be ji+j,e j,C 1
which leadsto a b € I that is a contradiction.
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Let (Ry,+1,*) and (R,,+,, *,) be two multiplicative
hyperrings. Recall from (Ardekani & Davvaz, 2014) that (R =
R, X R,,+,e) is a multiplicative hyperrings with the operation +
and the hyperoperatin « are defined respectively as (x,y) +
(z,t) = (x+,z,y+,t) and (x,y)*(z,t) ={(a,b) € R:a €
xe,z,b€ ye,t} for all (x,y)(zt) € R. Note that each
hyperideal of R is the cartesian product of hyperideals of R, and
R,, respectively.

Remark 3.24 Let (R, 4+, *y) and (R,,+,, *;) be two
multiplicative hyperrings, R =R, X R,, Y L(R) —
L(R,)U {0} and ¢,:L(R,) — L(R,)U {@} be functions, and
¢ =9, x,. LetI =1, x I, be a hyperideal of R, where I; and
I, are hyperideals of R, and R,, respectively. Suppose that
Y;(I;) =0 for some i,1< i<2. Then I—¢()=1. Hence,
o) =0ifand only if p;(I;) =@ forsome i, 1< i< 2.Ifp(I) =
@, thenwe set R/¢p(I) = R.

Theorem 3.25 Let (Ry,+;, *;) and (R,,+,, *,) be two
multiplicative hyperrings, R =R, X R,, Y L(R) —
L(R,)U {9} and y,:L(R,) — L(R,)U {0} be functions such
that ¥,(R,) # R,, and let ¢ =, xP,. Then, the following
assertions are equivalent.

(1) I, X R, is a ¢ — 2 —absorbing primary hyperideal of R.

(2) I, x R, is a 2 —absorbing primary hyperideal of R.

(3) 1, is a 2 —absorbing primary hyperideal of R;.

Proof. Assume that v, (I;) = @ or ¥,(R;) = @. Then, ¢(I; X
R,) =0 by Remark 3.24. Hence, (1) & (2) & (3). Thus,
assume that ¢(I; X R,) # @ and hence, ¥, (I,) # @, Y,(R,) # 0.

(1) = (2) Itis clear that I, is a y; — 2 —absorbing primary
hyperideal of R,. If I; is a 2 —absorbing primary hyperideal of R,
then we are done. Thus, assume that I; is not a 2 —absorbing
hyperideal of R;. Thus, there exist a,b,c € R, with ae; be; c S
Yi(y),ae b & I, ae c & Jlandb ey c € /1. Since P, (R,) #
R, we have (a,1g,) e (b, 1g,)*(c,1g,) S I; X Ry — 1 (I}) X
Y,(Ry). Then, ae; be;c S I;. Thus, ae;bS Iy orae c S /I,
or be,c <./, a contradiction. Thus, I, is a 2 —absorbing
primary hyperideal of R;. Thus, I; X R, is a2 —absorbing primary
hyperideal of R.

(2) = (3) ltis clear.

(3) = (1) ltisclear.

Theorem 3.26 Let (R,, +,, »;) and (R,,+,, *,) be two
multiplicative hyperrings, R =R; X Ry, Y L(R) —
L(R,)U {@}andy,:L(R,) — L(R,)U {8} be functions. Then
the ¢ —primes of R have exactly one of the following three types:

(1) I, x I, where I, is a proper hyperideal of R; with
Y, (1) =1, and I, is a proper hyperideal of R, with ,(I,) = I;

(2) I; X R,, where I, is a i, —prime hyperideal of R; which
must be prime hyperideal if 1, (R,) # R,;

(3) R, X I, where I, is a ¥, —prime hyperideal of R, which
must be prime hyperideal if 1, (R;) # R;.

Proof. First of all, note that a hyperideal of R having one of
these three types is a ¢ —prime hyperideal of R. Case(1) is clear
since I; X I, —¢(I; X I,) = @. If I, is a prime hyperideal of R,,
then I; X R, is a prime hyperideal of R and hence I, X R, is a
¢ —prime hyperideal of R. So, assume that [, is a ¥, —prime
hyperideal of R, and ,(R,) # R,. Suppose that (aa,)e
(b1,b) & L X Ry —1(I) XY (Ry) =L X Ry =y (I)) X Ry =
(i —¥1(I1)) X Ry. Then, aeyby s Lh—-yP()= a, €
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I, orb, € I, SO (aq,a;) € I; X R, or (by,by,) € I} X R,. Thus,
I, X R, is a ¢ —prime hyperideal of R. The proof of case (3) is
similar. Next, assume that I; X I, is a ¢ —prime hyperideal of R.
Letae; b S I; —¥;(I;). Then, (a,0g,) * (b,0x,) = (a *; b,0g,) S
Iy X I, — ¢y X L). Thus, (a,0;,) € I; X I, or (b,0g,) € I; X
L,i.e.,a € Iyorb € I,. Thus, [, is ay, —prime hyperideal of R,.
Likewise, I, is a ¥, —prime hyperideal of R,. Assume that I; X
L # Y, (I) X P,(Lp). Say I #,(Iy). Let x € I, —,(I;). Let
y € I,. Then, (x,1g,) ¢ (1z,,y) € I; X I,. Thus, (x,1z,) € I, X
I or (1g,,y) € I X I,. Hence I, = R, or I, = R;. Assume that
I, =R,. So, I; X R, is a ¢ —prime hyperideal of R, where [, is a
1, —prime hyperideal of R,. It remains to show that if y,(R,) #
R,, then I, is actually prime hyperideal of R,. Let ae; b C I,.
Now 1p, € ¥, (R,). Then, (a, 1g,) e (b, 1g,) E 1 X I, — (I X
L), s0 (a,1g,) € I; X I or (b,1;,) € I; X I, that is, a € I, or
be I,
Conclusion

Here, we represented a new form of multiplicative hyperring
theory. We discussed and proved new theorems in this area. We
investigated the relation between the ¢ — 2 —absorbing primary
hyperideals and the 2 —absorbing primary hyperideals. Also, we
dedicated the study to hyperideals of product of multiplicative
hyperrings. We can extend the notion of ¢ — 2 —absorbing
primary hyperideals to the notion of ¢ — 2 —absorbing quasi
primary hyperideals in the next work.
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