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Abstract
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1 Introduction

The Mittag-Leffler function is highly useful and important due to its special properties and significant
potential in solving applied problems. Therefore, it gained more attention in several areas of applied math-
ematics and engineering sciences, such as statistical distributions [12], stochastic processes [10], mechanical
relaxation [11], modeling of processes (diffusion) [15], electrotechnics [19], complex network [2], etc. More-
over, the functions of the Mittag-Leffler type appear in many fields of science, such as physics [32], chemistry
[14], biology [8], economics [30].

The real importance of the Mittag-Leffler function has been recognized when its special role in fractional
calculus has been discovered. The fractional calculus extends the conventional integral and differential oper-
ators. The concept of fractional calculus emerged in History as a response to the query of whether derivatives
of integer order can be expanded to fractional order. There are numerous definitions of fractional derivatives
and integrals, each with distinct properties and capacities to model various behaviors.

In [3], Atangana and Baleanu introduced a new fractional derivative known as the ABC-fractional deriva-
tive, which utilizes the Mittag—Leffler function as its kernel. The ABC-fractional differential operator is more
suitable for accurately describing real-world phenomena, as it is a nonlocal operator with a nonsingular kernel.
The ABC-fractional derivative has gained popularity in recent years primarily due to its wide-ranging appli-
cations [4, 22, 31]. For further details on the fundamental advancements in ABC-type derivatives, readers
can refer to recent works [1, 7, 9, 29].

Definition 1 ([16]). The Mittag-Leffler function E,(z) is defined by

oo
Z'I’L

E.(2) :,;m’ a,z € C,R(a) > 0. (1.1)

Definition 2 (/33]). The two-parameter Mittag-Leffler function E, g(z) is defined by

n

Eap(z)=3 m, a, B,z € C,R(a) > 0,R(B) > 0. (1.2)

n=0
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Definition 3 (/20]). The three-parameter Mittag-Leffler function E, 4(2) is defined by

Ba5(2) ; ot B @572 €CR@ > 0RE) > 0,R() >0, (13)
where (), denotes the Pochhammer symbol defined in terms of the familiar Gamma function T' by (see, e.g.,
[26])

1 n =0),
L(y+mn) ( )
(V)n = W =
Yy + 1. (y+n—-1) (neN:={1,2,..}).

Definition 4 (/17]). The extended Mittag-Leffler function E]’;(2;p) is defined by

n

e p(Y+n,c—v) (O 2
EW —
a.p(5P) 2; B(r,e—7) T(an+pB)nl’

(1.4)

where a, 3,7,¢ € C; R(a) > 0, R(B) > 0, R(y) > 0, R(c) >0, p € RY and By(z,y) is an extension of beta
function defined in [5, 21] as follows:

1
&mwzﬂﬂ*u Hr e TR AL, R(z) > 0,R(y) > 0,R(p) >0, (L5)

and Bo(z,y) = B(x,y) is the familiar beta function (see, [26]).
Definition 5 (/18]). The Mittag-Leffler-type function of arbitrary order Ei%(z) is defined by

jk‘ s n]+k
I
; ['(B+a(nj+k)’

a,B,z€ C,R(a) > 0,R(B) >0,7 >1,k>0. (1.6)

Definition 6 [27]. The Fox-Wright function is defined as

[ gy || A e fegm s 1)

where d;, D;,e;, E;,z € C, R(d;) > 0,R(D;) > 0, i =1,....p, N(e;) > O,R(E;) >0, j = 1,....,q and
14+ % (S0, B = S0, i) 2 0.

j=1

Definition 7 The H-function of two variables is defined as

1 2 1 2
2 | (el af)e s (e (7,
HO B:A1,B1;A2,B2
C,D:Cy1,D1;C2,D2o

2 | (B, 80 (681 by (@, 8P) b,

J 77
2

- (27T1w)2/L . 417(7717772)1_[(191'(771')2?1')d771d7727 (1.8)

i=1
where w = +/—1, and
H]‘B:IF( aﬂrZ 1a 771)
Hf:l r (1 —b; + Z?:l 55'1 772') HJC:BH r (aj - Zzz 1 all )771>
T T (@ = o ) T T (1= 5 7m)
Hf:iAiH (1 - d( + 5 771) HJC Bi+1 L ( W - ’Yj(z)nz)

¢(n1a 772) =

0:(ni) = (i=1,2).

An - Najah Univ. J. Res. (N. Sc.) Vol. 39 (2), 2025 An-Najah National University, Nablus, Palestine



For conditions of convergence for the H-function of two variables (1.8), one can refer to [28].

Definition 8 (/25]). The Laplace transform of the function f(z) is defined as

LA{f(z);s} = /OOO e f(2)dz, R(s)>0. (1.9)
Definition 9 (/25]). The Mellin transform of the function f(z) is given as

M) = [ = 10 R >0, (1.10)
and the inverse Mellin transform is defined as

F2) = MU (02 = g [ ()27, (L.11)

where L is a contour of integration that begins at —ioco and ends at 0.

Definition 10 (/23]). The left-sided Riemann-Liowville fractional integral operator 1}, and the right-sided
Riemann-Liowville fractional integral operator I} are defined by

(128 @) = g7 [ =00 0t (R0) > 0.0 0. (1.12)
1 b
(IL_f) (z) = m/ (t—x)" " f(t)dt, (R(v) > 0,2 <b). (1.13)

Definition 11 (/23]). The left-sided Riemann-Liowville fractional derivative operator Dy, and the right-
sided Riemann-Liouville fractional derivative operator Dy_ are defined by

(DZJrf) (x) = (CZC) (IZZ}[V ) (), R(¥)>0,m=[R()]+1), (1.14)
d\" e
(Dy_f) () = (=)™ <dx) (I"7Vf) (), R(v)>0,m=[R¥)]+1), (1.15)

where R(v) denotes the real part of the complex number v € C and [R(v)] represents the integral part of R(v).

Here, we recall the left and right-sided Riemann-Liouville fractional integrations of a power function are
defined in [13] by

(15,21 (2) = F(Fx(i)y)xM“’ (R(v) > 0,R(\) > 0), (1.16)

F(l — V- )‘) Z‘A+D_l

I(1-2x) ’
respectively. The left and right-sided Riemann-Liouville fractional differentiations of a power function are
defined, respectively, by (see [13])

(121 (z) = (0 < R) <1-RN), (1.17)

(Dg M) (2) = o )” ;. (R(v) >0,R(\) >0) (1.18)

and
F(l +v— )‘) A—v—1

D2 (@) = —pg—y e

(R(v) > 0,R(\) < R(v) — [R()]). (1.19)

Next, motivated by the above such extensions of the Mittag-Leffler function, we define a new extension
of the arbitrary order Mittag-Leffler-type function (1.6) and investigate its certain properties.
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2 Basic properties

Definition 12 . An extension of various functions described above can be given by the definition of extended
Mittag-Leffler-tpe function of arbitrary order, represents as follows:

k. _ — B (7—*—”’0—’7)(0)71 nj+k
R Py Ty [ CEaTrr s 2y

where a, 3,7, ¢ € C; R(a) >0, R(B) >0, R(y) >0, R(c) >0;j>1,k>0,peRy.
We consider special cases enumerated by equation (2.1)

(i) Setting p =0 and v =1 in (2.1) yields (1.6), as established by Pathan and Bin-Saad [18].
(ii) Setting j =1 and k = 0 in (2.1) yields (1.4), as established by Ozarslan and Yilmaz [17].
(iii) Setting k =p =0 and j =1 in (2.1) yields (1.3), as established by Prabhakar [20].

The following theorems list some basic properties of this function.

Theorem 2.1 Let a, 3,7,¢,2 € C, R(a) >0, R(B) >0, R(7) >0, R(c) >0 andj >1, k>0, pe Ry, then

c;j Ne d ¢,k
E(Z:ﬁ’J’k(z;p) = pBEY 5if( i) + azd—Eg 5_{_1 (z;p). (2.2)

Proof. Applying (2.1) to the right side of (2.2), we get

d
¢,k c;j,k
BE(Z 511 (z:p) + O‘ZCTEZ B.JH (2:p)

i & B, (ihn,c— ) (@) ,»
— E’Y7 305 Y4 ) nj+k
=OEENED s ) e T A am BT

+k)B, (y+n,c—7)(c)n j
= E‘Ymk nj . natk
3 aﬁﬂzp +azn'B%c— T (5+a(nj+k)+1)z

_ i (B+a(nj + k) By (v +nc=9)(n_njrn
ol B(v,c—7)T(B+a(nj+k)+1)

_ prtne=) s i
ZN'B (v, e=NT(B+alnj+Fk)

)

which, in terms of (2.1), yields the desired formula (2.2).
This result generalizes the Corollary 4 in [17], if we consider j = 1 and k& = 0 in (2.2), we have the
well-known result of [17].

Theorem 2.2 Let a,f3,v,¢,z € C, R(a) > 0, R(B) > 0, R(y) >0, R(c) >0 and j > 1, k >0, p € R,
m € N, then

d " — 37 « m— «
(dz) [zﬁ 1E3:2’J’k(wz ;p)} 2P~ 1Eg’ ifn( wz%;p). (2.3)

Proof. From (2.1), we find that

d\" i
(d> [P w2

()5 PO )
— n! B(y,c—7) T (B+ a(nj +k))

dz
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_ Z p (v +n,c—7) (¢)y Wtk Lo(nj+k)+B—m~1
n! B *y,c— NT(B—m+ alnj +k))

_Zﬂ m—1 7+n0_7)(c)n wr® nj+k
Zn'B v,c—) = m+a(nj+k))( ) (2.4)

Now, using (2.1) in (2.4) we obtain the desired formula.

This result generalizes the Theorem 11 in [17], if we consider j = 1 and k& = 0 in (2.3), we have the
well-known result of [17].

Theorem 2.3 Let R(a) >0, R(B) >0, R(y) >0, R(c) >0, R(v) >0 and j > 1, k>0, p € RY, then

1 ! _ v—1 c;j,k a c;j,k
o T =T B e = ), (25)
/ P EY G i pdt = 2P BT (w25 p). (2:6)
0

Proof. We have
1
/ 11— )" ELSE (0 p)t
0

_ ' B— 1 _ V 1 fy—f—nc ’}/)(C)n Zanj-f—k
- [ Zn'B% I3+ a(ng 7)) 0

p (Y +n,c—7) () j+k /1 B+a(nj+k)—1 v—1
= " trTeAnd 1—-1¢ dt
Zn'B (oe-NT (B +almj+h) 0 =)

~ B, (y+n,c—7) (0)n h,
— (v )anBw,c—v)r(mwaww))z h

ok
=T(v)EL575 (2 D),

hence (2.5) is proved.
Next, we have

z
/ tﬁ_lEg:gj’k(wta;p)dt
0

_ Z (Y +n,c—7) (¢)n WHIHF /Z (Ba(njtk)—1 g
n! B (y,e=7v)T(B+ alnj + k))

= Z By (v +1,¢=7) (©n w"IHE SBFa(nj+k)
nl B(y,¢ =) (B +a(nj+ k)T (B +anj+ k)

- s B, (y+n,c—7) (), a\nj
=L T BGe DTG ram s H D@

= P E G (w2"p),

a,B+1
which is the result (2.6).
When p =0 and v = 1, Theorem 2.3 reduces to the following corollary.

Corollary 2.1 The following results hold:

1 ! — v—1 jk
F(V)/o (1= 1)" T B (st dt = Ei’ﬁ+y( 2) (2.7)
and
z .
/0 tﬂ_lEi: (wt®)dt = 2° Efl’ﬁﬂ(wzo‘). (2.8)
5
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3 Integral representations

Theorem 3.1 Let R(a) >0, R(B) >0, R(y) >0, R(c) >0 and j > 1, k>0, p e RY, then

Zk

1
ElG(2p) = m/o (1= )T T e I ES, 5y 0 (827) dt (3.1)

Proof. Using (1.5) in (3.1), we obtain

1 » _])'VL
E'ch;]v t’y+n—1 1—¢ c—y—1 TT-D (dt (C)n (Z
o, ZB%C— {/0 ( ) € n! T (anj + B+ ak)’

which can be written as

P ! n ()"
- - tV*l 1—1t c=v—1 e t(l )
B(%C_’Y)/o -1 Z cmj+6+ak)

Applying (1.3) in above equation, we obtain the required result.

Setting t = sin’0 and t = 1 i

1C0hk
EL 5" (2p) =

3.1 and 3.2, respectively.

Corollary 3.1 The following result holds true:

22k z _ » N )
/ sin?Y710 cos* 21719 ¢ TinZicaTa ESjstrak (27 5in?0) do. (3.2)

ElGi M (ap) = ————
o B(v,c—7) Jo

Corollary 3.2 The following result holds true:

3 k 0 ~y—1 p(140)? uzd
EVCIR L) — ? / u ——w E°. — | du. 3.3
ap (FP) =g (re—m Jo @+uwe " ook \ Ty ) 3:3)

These results generalize Corollaries 2 and 3 in [17], if we consider j =1 and k£ = 0 in (3.2) and (3.3), we
obtain the well-known results of [17].

4 Integral transforms

Here, we evaluate the Laplace and Mellin transforms of the extended Mittag-Leffler function (2.1).
Theorem 4.1 (Laplace transform): Let R(a) > 0, () > 0, R(vy) > 0, R(c) > 0, R(o) > 0, R(q) > 0
R(s)>0andj>1,k>0,peRS, then

s—(at+ok)
I'(y)T(c— )
p (1—=v1,1): - (1-q—o0k,0j),(1—1¢1)
X H1lo 5% | . (4.1)
_(é%)J (1_6;172) : (071)’(0_771); (O,l),(l—ﬂ—ak,aj)

Proof. We find from (2.1) that

o0
q—1_—sz pv,¢5,k o.
/z e FE M (22 ,p)dz'—
0

/o zpflefszEélzvé( 7)dz
7% (Y tnc—y)(c)n
n'B (v,e—=7)T (B4 a(nj+k

nj+k

[eS)
)) / ZquUanrUk*le*SZdZ
0

s—(a+ok) b 2 Bp(fy+n,c—'y)I‘(q+gk+gnj)r‘(c_n)xnj
T (c—1) nz::() W T (B +a(nj+k)) s (4.2)
6
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Evaluating B, (y +n,c — ) in (4.2) using the series form of (1.5), we obtain

oo
/0 Pl 7sinl;375 (227) dz

—(gtok) o on, c—n n—m c—vy—m T \"
_ st ZZ I'(q+ k+ T (c=n)T (v + )T (c—~ )<_p)m( ) .

— I n! o
ny = LB+ anj+ k)T (c+n—2m)m! n! s
In view of (1.8), we get the desired result.
When j =1 and k = 1, Theorem 4.1 reduces to the following corollary.

Corollary 4.1 The following result holds true:

/00 247 e 2 EYC (2275 p) dz = st

0 P LT (=)
Lo D (I—v1,1): —; (1-q,0),(1—0¢1)
X Hiip2/2% . (4.3)

-5 | (1=¢12): (0,1),(c=~,1); (0,1),(1—-p,a)
Theorem 4.2 (Mellin transform): Let R(a) > 0, R(B) > 0, R(y) >0, R(c) >0, R(s) >0 andj >1, k>0,

pE ]Ra’, then
. 2T (s)T(e — 7 + s) (¢,1),(y+s,1) ;

Fcik } U TS, il 4.4
MELG™ (z50) TOTe=7) 202 | (B+ak.aj), (c+2s,1) | 4

Proof. Applying the Mellin transform to equation (2.1), we get
M {E"/,C;J}k o) o] — = s=1pmcik .0y g 4.5
ag (zp)is| = [ pTELE (2:p)dp. (4.5)

0

Now,using (3.1) in (4.5), we have

Sk

') 1
M {E%C‘j’k z; ;s} = 7/ & [/ (1 —t Cvlet(l_fﬂ} ES. oo on (t27) dtdp. (4.6
25" () B 7 ), ? ) (1—1) ifrar (t27) didp.  (4.6)

Changing the order of integrations in (4.6), we obtain

Sk

1 o]
M [E%C‘j”“ z; ;s} = 7/ O =) T T B s (127 [/ Tlemtn g ] dt. (4.7
25" () Bec ) ), (1—1) jiprak (t27) P p (4.7)

Substituting u = t(%t) in (4.7), we have
ik Zk 1 1 ) 0o
M [EZEJ (z:p); 5] =BT =) /0 el — t)cfﬁﬁs* Btk (tzj) {/0 u51e”du} dt
2FT(s) Yo c—vts—1 pre j
= m \/0 t’er 1 (1 — t) Tt aj,B+ak (tZJ) dt. (48)

Further, using (1.3) in (4.8), we find

EChk (L. ] __Z / sl (] _ el
M{ wp (P)3s B(v,c=7) Jo . ZF omy+ﬁ+ak)

which gives,

i 2PT ()T (¢ — +s c+mn) T(y+s+mn) ()"
[ ] - 2T (st ()

T(
INGOINGE ak 4+ anj)T(c+2s+n) n!

Finally, using (1.7) in above equation, we obtain the required result.
When s = 1, Theorem 4.2 reduces to the following corollary.
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Corollary 4.2 The following result holds true:

'yc,jk _ ZkF(C_'Y+ 1) (Ca 1)7(7+1a1)
/ Bals™™ @0 dp = Fospe =y 22 | (8 + ok, aj), (c+2,1)

27} . (4.9)

This result generalizes the Corollary 6 in [17], if j = 1 and k = 0, equation (4.9) coincides with the result
n [17].

Corollary 4.3 (Inverse Mellin transform): Let R(a) > 0, R(8) > 0, R(y) > 0, R(c) > 0, R(s) > 0 and
jzl,kEO,u>0,p€Rf{, then

vk () = T rar )
E}ST (zp / I'(s)I'(c—~v+s
A 2mi F(V)F( - PY) H—1i00

(e, 1), (v +5,1)
x 2% [ (B + ak, ), (¢ + 2s,1)

zj} p°ds. (4.10)

Proof. Applying the inverse Mellin transform to both sides of equation (4.4), we get the result.
This result generalizes the Corollary 7 in [17], if j = 1 and k = 0, equation (4.10) coincides with the result
n [17].

5 Fractional calculus operators

In this section, we derive certain interesting properties of EA’ G k(

Riemann-Liouville fractlonal integral and derivative.

Theorem 5.1 Let v,a, 3,7,¢c,w € C with R(v) > 0, R(a) > 0, N(B) > 0, N(y) >0, R(c) >0 and j > 1,
k>0,peR), z>a. Let 17, be the left-sided operator of Riemann-Liouville fractional integral. Then

z;p) related to the operators of

(I;; [(t — ) ELS (W (t - a) ;p)D (@) = (& — )" B (w(z — a)%;p). (5.1)

Proof. Using definitions (2.1) and (1.12), then after some simplification, we obtain

(12 [0 =)’ B2 @ - @) )] ) @)

_ 1 BP(P)/ +n,c— IY) wanrk (C)n v B B+a(nj+k)—1
~ B(y,c—7) 20 nI T (B+ a(nj + k) (Ia+ [(t 2 D (z)

e nj+k
. 1 Z Bp (’7' +n,c— W)w Jj+ (C)n ((ﬁ . a),@+y+a(n]‘+k)_1
B(y,e—=7) 7z n!T(B+a(nj+k)

_ (o gyt » (71,0 =7) () DB+alng+k) o ok
o Zn'B (y,e—7)T (ﬂ+a(nj+k))F(5+u+a(nj+k))( ( )")

[3+l/ 1 7+n C_’Y) (C)n _ aynj+k
Z Blre—7) T@+v+am+) @
= (& —a)*™" lEz ;’1’5 (w(z —a)*;p).
This result generalizes the Theorem 2.2 in [21].

Corollary 5.1 Take j =1 and k=0 in (5.1), we get the result of Rahman et al. [21]

(1 [t = 0" BYS @it - a)*ip)]) @) = (@ = @) B, (wlo - a)5p). (5.2)

Theorem 5.2 Let v,«, 3,7,¢c,w € C with R(v) > 0, R(a) > 0, R(B) > 0, R(y) > 0, R(c) > 0 and j > 1,
k>0,pe Ra'. Let I be the right-sided operator of Riemann-Liouville fractional integral. Then

(IZ [t”_ﬁEg:gj’k (wt_a;p)D (z) = x_ﬁEV:ﬂi’V (wx_a;p) . (5.3)
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Proof. Using definitions (2.1) and (1.17), then after some simplification, we obtain

(IZ {t”fﬁEg:gj’k (wtfa;p)}> (z)

1 X By(y+n,c—7) w
B(%c—v); n! T'(B + a(nj + k)

nj+k C)

(Iu t*lI*B*a(njﬁ’k)) (z)

n o Ba(njtk)

(
)

1 > B,(y+n,c—7) whItk(
B(%c—v),; AT+ alng 1)

_ —ﬁ Z ’7 + n,c— ’7) (C)’ﬂ F(B + O[(n] + k)) (wx—a)nj—i-k
n'B %C— NI B+ a(nj+k)I(B+v+ang+k)
— B Z 'Y+n c—7) (S)n (wx_a)"j+k

2 Blr,c—n) T+ v+ aln +F)
= *ﬂEggif (wx ,p).

This completes the desired proof.
Setting p = 0 and v = 1 in the result in Theorem 5.2, we get an interesting formula involving the Mittag-Leffler
function of arbitrary order (1.6), which is asserted by the following corollary:

Corollary 5.2 Let v,a,8,w € C such that R(v) > 0, R(a) > 0, R(B) > 0 and j > 1, k > 0. Then the
following right fractional integral formula holds true:

(15 [t‘”_ﬁEi”’“ﬁ (wt_a)D () = e PEI, (wam®). (5.4)

Theorem 5.3 Let v,«, 3,7,¢c,w € C with R(v) > 0, R(a) > 0, R(B) > 0, R(y) > 0, R(c) >0 and j > 1,
k>0,pe R , x> a. Let Dy, be the left-sided operator of Riemann-Liouville fractional derivative. Then

(D2y [t = @) ELGH (it = a)%p)] ) (@) = (@ — )T ELGE (w(w — a)p). (5.5)
Proof. For the proof of assertion (5.5), we use (1.14) and (5.1) in the left hand side of (5.5)
(D;;+ [(t — @) LELSR (w(t ~ a)”‘;p)D (x)
d " m—v— ,C [e%
- (dm) [(x — a)5+ 1Eg Byifn J(w(x —a) m)}
= (@ =) B, @ (@ = a)ip),

This completes the proof of (5.5).
This result generalizes the Theorem 2.2 in [21].

Corollary 5.3 Take j =1 and k =0 in (5.5), we get the result of Rahman et al. [21]

(DZ+ {(t - a)f@—lE(Zig(oJ(t — a)a;p)}) (z) = (z — a)ﬁ v— lEg; , (w(z —a)*;p). (5.6)
Theorem 5.4 Let v,«, 3,7,c,w € C with R(a) > 0, R(B) > 0, R(y) > 0, R(c) > 0, R(v) > 0, R(B) >

R()] +1andj>1,k>0,pecRS. Let D” be the right-sided operator of Riemann-Liouville fractional
derivative. Then

(DZ [t”_ﬁEg:gj’k (wt_a;p)}) (z) = az:_ﬁEV o<cidk S (wa™ % p) . (5.7)
Proof. In order to the prove (5.7), we use (1.15) and (5.3) in the left hand side of (5.7)

(DZ [t”fﬁEgzgj’k (wtfa;p)]) (z)
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d\" ;
— <_dx> {x5+77l_y_1Eg:;;i§17u (wx—a;p)}

= g PEYETE (wz™%p),

a,B—v

which completes the desired proof.

Corollary 5.4 If we take p =0 and v =1 in equation (5.7), we obtain

(DZ [tvfﬁEg;,’; (wt*Q)D (z) = 2 PEI*

a,f—v

(wz™?). (5.8)

6 Conclusion

In this paper, we derived a new extension of the Mittag-Leffler function and investigated several of its prop-
erties. The special cases of the main result for j = 1 and k = 0 are detailed in [17]. Therefore, the results
introduced in this present article are new and an extension of the related outcomes in the current literature

(see, e.g., [18, 21]). In addition, it is important to note that the function Egjgj’k(z;p) is highly compatible

with fractional calculus. The newly defined Mittag-Leffler function Eg;ﬂ ok

have applications across various fields of applied sciences.

(z;p) discussed in this article will
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