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Abstract

We establish the equivalence between the existence of a cyclic projective right
C—module P such that P/J GPis semisimple and gFis finitely generated (B = End P and
the existaence of an idempotent element e in ¢ such that trace (P ) is finitely generated (and
equals CeC) and C/S is semisimple where S is the intersection of all maximal left ideals of C
not containing the trace ideal of P_.

1. Introduction , Notations and Preliminaries :

In this paper we study further the situation where P is finitely generated
projective right C—module (C is a ring) with trace ideal I, B = End (P), J = J(B)
and P is finitely generated as a left B—module .

The existence of a cyclic projective right C—module P such that P/J (zP) is
semisimple and gP is finitely generated (B = End (P,)) is shown to be equivalent to the
existence of an idempotent element in C such that trace (P_) is finitely generated and
equals CeC and C/S is semisimple , where S is the intersection of all maximal left
ideals of C not containing the trace ideal of P_ . It is also demonstrated that the above
result can not be generalized to the case P_ is finitely generated projective .

The following terminology , notations and results are needed .
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Given t a left exact radical on A—Mod and M in A—Mod we say that M is
t—torsion (t—torision free) provided that t(M) = M(t((M) = 0) .

A submodule N of M is t—closed if M/N is t—torsion free . A non—zero left
A—module M is t—simple if M/N is t—torsion for all submodules N of M such that
Ng_t(M) . A submodule N of M is t—maximal if M/N is t—simple and t—torsion free .
(for torsion theoretical concepts we refer the reader to Stenstrom , B., 1971) .

DefineM to be the collection of all maximal left ideals M of C such that the trace
ideal , 1, of P_ is not contained in M, S =(\M , K is the collection of all t—maximal
left ideals of C, N =@K and C(S) = { ¢ +S€C/S:c+S is regular } .

The following results may be found in Morita , K., 1970, Sandomierski, F.L.,
1972 and Mohammad A., 1987 .

Lemma 1.1 : The following hold
1- JP) = PS
2- JEP) = PN

Lemma 1.2: Let G = Hom(P_,C }, then:

1- Giis a finitely generated projective left C—module .
2- B=End(G).

3~ The trace ideal of (G = the trace ideal of P, and
4— P @. is naturally equivalent to Hom (_G,.) .

Proposition 1.3 : The following hold :

1~ IfUis asimple left C—module and IU = O, then SU = O.

2 - IfHis a t—maximal submodule of G, then H is a maximal submodule of G.
3~ IfUis at—simple left C—module , then U contains a simple submodule , and
4- SIcN

If in addition to the hypothesis in the situation under consideration we have B/J
is semisimple then we have the following [ see Mohammad , A., 1987] .

Proposition 1.4 : The following hold :
i — C/Ssemisimple,
ii — C/N has finite left Goldie dimension as a left C/N modul and is nonsingular,and
iii- I+S=C.
The following lemma is needed and can be found in Sandomierski , F.L. 1972 .

Lemma 1.5:If P_is finitely generated projective with trace ideal I, then Lis finitely
generatediff ;Pis finitely generated , where B = End (P) .
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Although we really need the remark after the following theorem , but we must
write the statement of the theorem which was proved by Ghazi, M. Eid in his Ph.D.

thesis in 1983 .

Theorem 1.6 : Let P in A—Maod be flat of hype FP,B = End (P,) , C = End (zP) , M

in A—Mod and ;X = T(M) = P ® M, then

1— If N is a submodule of M and Y a left B—submodule of X, let T (N) = Img (T(N))
— T(M)and S(Y) = {m € M : Pin < Y}, then S and T are lattice isomorphisms
of the lattice of t—closed submodules of M and the lattice of submodules of X .

2- Misa t—simple submodule of ,M if and only if T(N) is a maximal submodule
of TM) .

3- ,Mhas aunique t—maximal submodule if and only if T(M) has a unique maximal
submodule .

4~ ,Nis a t—simple submodule of ,M if and only if T(N) is a simple submodule of
M) .

Remark : For P, a flat right A—Module of type FP and B = End (P ,) theorem 1.6
above yields a one—to—one correspondence between the submodules of P(as a left
B—module) and the t—closed left ideals of A. In particular , if X is a submodule of P
and D = { ain A: PacC X} , then clearly D is a t—closed ideal of A and X = PD .

2. Semilocal Rings

Recall that a ring R is semilocal provided that R/J , J the Jacobson radical of R,
is a semisimple ring .

Proposition 2.1 : Let C be a ring and P a finitely generated projective right

C—module with trace ideal I satisfying :

i - (? = { LCC: PL = P, where L is a left ideal of C } is an idempotent topologizing
filteron C .

ii- ForB = End(P), B/J is semisimple , and

iii— pPis finitely enerated .

Then the following hold :

i - C/Sissemisimple, I+S = C and [ is finitely generated .

i -p=(LcC:IcL}.

iii— If{ D, }ischain of proper left ideals of C such that D, ¢ { forallk € K ,
thenU, D, ¢ (t
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Proof : In view of proposition 1.4 and lemma 1.5 i) holds and we listed it only for
completion .

To prove ii) , let L be a left ideal of C such that ICCL, then PI'C PL . Since PI = P,
then PPL . Since the other inclusion is trivial then PL = P . On the otherhand if PL
= P then P/PL = 0. But P/PL is isomorphic to P ® (C/L) , thus P  (C/L) = © which
in turn implies that I(C/L) = © , hence ICL.

Finally for iii) , assume on the contrary that D, ¢ Q) forallkeK,butU,.D, € @
Then P(UD,) = Ug (PD,) = P. Since { D, } ¢ is a chain of proper left ideals of C,
then { PDy }  is a totally ordered collection of proper submodules of gP . Since gP is
finitely generated then U(PD,) G- P . Acontradication and iii) follows .

The following lemmas are needed for later consideration .

Lemma 2.2:For a left C—module M the following are equivalent .

i— dim(M)<ce.

ii- whenever M, OM, DOM; D ... , where M, is a left C—submodule of M, then
9N, a positive integer , such thatM_ , islargein M .

Proof :

i - impliesii:

Given i) suppose that ii) does not hold . Rearrange and renumber the descending
sequence so that M, , | is not large in M;¥i . Thus in particular we get M, (say) is not
large in M,, hence] M; M, such that M; M, = o . Netice that M,+M,CM, .
Since M, is not large in M, , then] M, M; such that M; M M; = O, Again notice
that M, + M, C M, .

Now we have the direct sum M, # M, ® M, . Continue the above process . In view of
i) this process must terminate , while if the contrary of ii) holds , the process above
must be infinite , an obsurdity . Thus ii) holds .

ii) implies i) :

Suppose on the contrary that ii) holds but dim(_M) is not finite . Write M = &
L;, Where L; is a submodule of M¥i . Then® ,_, L, D&, _, L, D........ with each
term being not large in the preceeding one , a contradication to ii) . Thus ii) implies i) .

Lemma 2.3 : Let M be a left C—module such that t(. M) = O, dim ( M) < = then M
has the descending chain condition on t—closed submodules .

Proof : Let M, DM, D ..... oM, ... be a descending chain of t—closed left
C—submodules of M. be Lemma 2.2] N, a positive integer such that M, ,islargein
M, . Thus My, , is t—dense in M, . By hypothesis My . is also t-closed in M. The
only way out is that M, , = M and the proof is complete .
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Remark 2.4 : Replacing M above by C/N we get (C/N) to have the descending chain
condition on t—closed left C—submodules . Thus C has the descending chain
condition on t—closed left ideals containing N .

Lemma2.5:N = mK (K EK).

Proof : By Remark 2.4 , C has the descending chain condition on left ideals
containing N . By definition K; DN ¥i . Now , pick K, € Kif K, = N we are done,
if not , then K, 2 N and in the latter case ] K, € | such that K, VK, 2N . If
equality holds we are done , otherwize , K, M K, 22N and hence 3 K, € K such that
K, 2K, MK,DK,;MNK;MN K;DN. Continuing in the above manner we must have
a positive integer nsuch that N = ) K; .

Proposition 2.6 :

Let P_ be a finitely generated projective right C—module with trace ideal I that
is finitely generated and suppose that dim (., (C/N)) is finite .

Then g P is finitely generated and B/J (B) is semisimple , where B = End (P,) .
Proof: Since J(zP) = PN DJ(B) P, then

P/PN is a left B/J (B) module . Next
P/PN = P/P( [\ K,) =PI | f'\ (PK})) .

Thus the B—homomorphism P/PN — P/PK, x ..... x P/PK_ is one-to-one .

Since (P/PK,) is semisimple , then so is z;(P/PN) .

i=1

Now, P is a generator for B—Mod, thus 3 n€Z andan epimorphism f: P".
— B. Since J(Pn) = (.}(P))n and f maps the radical to the radical then f induces the
epimorphism :
f:P"/3P") — BIIB).

Being the homomorphic image of a semisimple module , B/J(B)is semisimple .
In view of lemma 1.5 the other conclusion is trivial .

In case P_ is cyclic projective we get better results as the theorem below shows .
But for that we recall that .G = Hom (P_,C ) s finitely generated projective which has
the same trace ideal as that of P_ . We also need the following lemma .
Lemma2.7:J(G) =

Proof: J(-.G) = J(C)G = (" \M)G , where the intersection runs over the maximal left
ideals of C .
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Since ([ YM) C =( Q M)G = SG, then J((G) = SG . On the othedr hand , if
M is maximal in G, then G/M is simple . Now , either I & M and hence G/M is not
torsion , in which case we get S(G/M) = 0 (by proposition 1.3.i) and hence SG—M
which implies that SGC J(G), or I © M, in which case, since IG = G, then MG = G
, so that J(.G) = J(C)G = ([ IM)G, where the intersection runs over all maximal left
ideals of C, thus J(.G) = (( \MG) , where the intersection runs over the maximal left
ideals of C not containing I. Since ((MM)G C MG for all maximal left ideals of C, then
SGC( MG = J(.G) and the lemma is proved .

Forb € B = End(P,) ( = End (.G) by lemma 1.2) we have the induced
homomorphism b : GA(SG) — G/(SG) where (g+SG)b = gb + SG . Next, given h
€ End (G/SG) we have the diagram .

v
CG > CG > 0

Where g is the natural epimorphism G — G/SG and G = G/SG . By the
projectivity of (G there exist a uniqueb: .G — G making the diagram commutative
(Note that upto this point we used only the projectivity of G). Thus we have B = End
(.G) — End(G/SG) is a surjective ring hamomorphism . Simple calculations show
that its kernel = { b € B: Gbis smallin G } = J(B) ( see also Sandomierski , F.L.,
1964) . Thus we have B/J(B) is isomorphic to End (G/SG) .

Theorem 2.8 : Given a ring C, the following are equivalent :

1— There exist a right C—module P which is cyclic projective such that for B =
End(P,) we have
a— P/J(gP) is semisimple as a left B~module , and
b— P is finitely generated .
2 — There exist an idempotent element e in C such that :
i — The traceideal , I, of P_equals CeC and is finitely generated , and
ii— C/Sissemisimple .
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Proof : 1 —implies 2

P_ cyclic implies that there exists an idempotent e in C such that P = eC . Now
, easily [ see Anderson and Fuller PP 266 ] the trace ideal of P, = CeC . The other
conclusions of 2. are clear [see proposition 1.4 and lemma 1.5]

2- implies1:

By 2 there exists an idempotent e in C . Define P, = eC . Then by choice P_ is
cyclic and projective [ see Anderson and Fuller PP 199 ] with trace ideal = CeC . By
lemma 1.5 , P is finitely generated . Observe that B = End(P)) = End (eC) is
isomorphic to eCe . Now G = Hom(P_,C) = Hom (eC,C) = Ce . Also B/J(B) is
isomorphic to End(G/J(G) = End(Ce/Se) which is the endomorphism ring of a
semisimple ring and hence is semisimple . Thus B/J(B) is semisimple and the proof is
complete .

Remark 2.9 : 1. (and hence 2.) in Theorem 2.8 implies that

i -I+S=C.
ii — SI C N, and
iii— Se= Ne.
Proof:

i— Suppose on the contrary that I + S & C, then there exist a maximal left ideal of
C such that (I + S) © M C C . Thus C/M is simple with I(C/M) = 0 = S(C/M)
which is impossible .

ii — See proposition 1.3 .

iii —SI N implies that SIG C NG with IG = G and NG < SG. Thus SG = NG. But
SG = SCe = Se and NG = NCe = Ne and iii) follows .

We demonstrate now that Theorem 2.8 above can not be generalized to the case
P_finitely generated projective .

If P_is a finitely generated projective module 2 then there is a positive integer n
such that C."”. — P_ — Oisexact . Since End (, c ™) is isomorphicto C _ with .C"
™ L poc oisexact
and (P ® C )Cmm is isomorphic to

finitely generated projective generator , thenC ® C
with C(n) ® C 1s isomorphic to (C

P(n)

Cnxn

nxn )Cnxn
which we claim to be cyclic .

To prove this claim , write P = Cx; + ... + Cx andlety = [y,, ...,y ] € P(")

Since Y € P for every j = 1,2,....,n, then each ¥ is a linear combination of x,...,x,

with coefficents from C . Form an nxn matrix , M by putting the coefficients of

nxn ?
the linear combination for yjin the j;, column, then , as simple calculations show , we
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'(n)
have [x,...,x, | M, = [¥1,---5¥,] - Thus we have shown that P .~ . = [x,...,x,]

C,,xn and the claim is proved . Observe now that :

1-

2-

(n)
The trace ideal of P_, I, corresponds to the trace ideal I of P, =~ and Iis
finitely generated (iff ;P is finitely generated) iff I is finitely generated .
As ideals , S also corresponds to S . and C/S is semisimple iff C_ /S . is

semisimple . But C___/S___is isomorphic to (C/S) thus C/S is semisimple iff

nxn nxn
(CIS),,,, is semisimple .

nxn ?

Nevertheless , forI . =C . eC  forsomeidempotentelementeof C it

is NOT necessary the case that e corresponds to an idempotent in C (for example, take

C=F,afield,and C ,, . = F_  where we don’t know how to find an idempotent
element e in G such that I = CeC).

5~
6-

7-
8-

9_
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